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Abstract

Classical models of strategic classification
treat agents’ responses to a deployed classifier
as cosmetic: features change, but true labels
do not. We study an improvement-aware vari-
ant in which strategic responses can change
outcomes: agents choose post-deployment fea-
tures strategically at a cost, and labels are
then drawn from a fixed conditional outcome
law. We formalize this problem for linear clas-
sifiers under a single-index qualification model
and linear-decomposable costs. Under these
assumptions, agents’ best responses reduce to
a closed-form shift of the decision boundary,
and the resulting improvement-aware classifi-
cation problem is learnable with linear sample
complexity. As post-deployment labels are un-
available a priori, we begin by establishing a
generalization bound with oracle access to the
outcome law. One of our main contributions
is a practical plug-in algorithm that replaces
the oracle with an estimate, together with a
bound on its improvement-aware error. We
also show that the optimal classifier for stan-
dard strategic classification is a better proxy
for the improvement-aware objective than the
non-strategic Bayes-optimal classifier. Exper-
iments on semi-synthetic and synthetic data
support these findings and the plausibility of
our assumptions.

1 INTRODUCTION

Strategic classification (Hardt et al., 2016) studies
prediction settings in which agents respond to a de-
ployed classifier by modifying observable features at
a cost. Such behavior arises in credit scoring, admis-
sions (Hardt et al., 2016; Dong et al., 2018), and hiring
(Kleinberg and Raghavan, 2020), applicants may ad-
just credit utilization, obtain certifications, or enroll
in test-preparation programs to improve their chances
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of receiving a favorable decision. Classical strategic
classification treats these responses as manipulation:
the feature vector changes, but the underlying label or
qualification remains fixed.

This immutability assumption is often too restrictive.
In many applications, the same actions that change
observable features can also improve the underlying
outcome of interest. Coursework may improve aca-
demic readiness, professional training may increase job
productivity, and financial discipline may improve re-
payment probability. Thus, a classifier can both induce
strategic feature changes and incentivize genuine im-
provement. We call this setting improvement-aware
strategic classification.

In this paper, we study improvement-aware strategic
classification with endogenous improvement for binary
label prediction tasks. In particular, we assume that
the original population is governed by a fixed condi-
tional outcome law n(z) = P(Y = 1| X = z). The
deployed classifier affects agents by changing their in-
centives over feasible feature modifications. Thus, the
classifier induces a change in the marginal distribution
of features, but not the structural relation between
features and outcomes. In this sense, improvement is
endogenous; it is not externally imposed by the analyst
but arises because agents move to regions of the feature
space that, under the original data-generating process,
are associated with better outcomes.

Our framework makes two assumptions: 1) the class-
probability function n follows a single-index qualifica-
tion model, 7(z) = g(w* " z), for a non-decreasing link
g : R — [0,1] and non-negative weights w* € R%,
and 2) the manipulation cost is linear-decomposable,
i.e., the total cost is a weighted sum of feature-wise
improvement costs. Assumption 1 guarantees that
non-strategic Bayes optimal classifier is linear, and sub-
sumes the monotonicity of 7 in features. Monotonicity
of the outcome in improvement-relevant features is a
standard assumption in the improvement-aware strate-
gic classification literature (Kleinberg and Raghavan,
2020; Miller et al., 2020). The single-index qualification
model also encompasses many class-probability mod-
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els commonly used in the literature, including linear
and sigmoidal models (Foster et al., 2018; Audibert
and Tsybakov, 2007; Yara and Terada, 2026). We will
discuss these assumptions in detail in Section 2.

Paper Organization. Section 2 introduces the model
and assumptions. Section 3 gives preliminary structural
results. Section 4 studies learnability under oracle
access to 7, and Section 5 gives an oracle-free plug-in
algorithm with generalization guarantees. Section 6
reports experiments on synthetic and semi-synthetic
data, and Section 7 proposes a decision rule for setting
where 7 is difficult to learn.

1.1 Related work

Hardt et al. (2016) formalized strategic classification
as a Stackelberg game in which agents manipulate ob-
servable features at a cost. Follow-up work studies
the social cost of manipulation (Milli et al., 2019; Liu
et al., 2022; Hossain et al., 2025), information asym-
metry (Tang et al., 2021; Ghalme et al., 2021; Shao
et al., 2023), sequential settings (Cohen et al., 2023;
Shekhtman and Dean, 2024) and differentiable surro-
gates for end-to-end training (Levanon and Rosenfeld,
2021; Eilat et al., 2022). Classical strategic classifi-
cation treats manipulation as feature movement that
leaves the label unchanged, an assumption we relax.

Another line lets agents genuinely improve rather than
game, closely related to performative prediction (Per-
domo et al., 2020; Mendler-Diinner et al., 2020). Work
here designs classifiers that incentivize effort over gam-
ing (Kleinberg and Raghavan, 2020; Ahmadi et al.,
2022; Levanon and Rosenfeld, 2022), studies fairness
under improvement (Efthymiou et al., 2025; Alhanouti
and Naghizadeh, 2025), grounds the improvement /gam-
ing distinction in causal feature structure (Miller et al.,
2020; Horowitz and Rosenfeld, 2023; Gois et al., 2026),
and analyzes dynamics, persistence, and welfare (Miller
et al., 2020; Horowitz and Rosenfeld, 2023; Gois et al.,
2026). Chen et al. (2023) and Xie et al. (2024) (1-D
thresholds with active experimentation) study incen-
tivizing improvement under deterministic qualification
change.

Learning-theoretic work on strategic classification es-
tablishes PAC-learnability and strategic VC-dimension
results (Sundaram et al., 2023; Lechner and Urner,
2022), incentive-aware sample complexity bounds
(Zhang and Conitzer, 2021), online regret bounds (Ah-
madi et al., 2023), and learnability gaps between strate-
gic and standard PAC learning (Cohen et al., 2024).
Closest to ours, Attias et al. (2025) prove PAC bounds
under exogenously specified improvement sets. Sharma
and Sun (2026) characterize proper learnability with
improvements, give positive results for Euclidean-ball

improvement sets, and extend to bounded label noise
and online learning. In both, improvement sets are
fixed independently of the classifier, post-improvement
labels follow a fixed target concept (up to label noise
in Sharma and Sun (2026)), and ties are broken in the
worst case.

Prior work thus treats qualification change as deter-
ministic or classifier-independent (Chen et al., 2023;
Xie et al., 2024; Attias et al., 2025; Sharma and Sun,
2026). It also separates improvement from manipula-
tion through exogenous structure, such as causal graphs,
improvable/non-improvable feature labels, or classifier-
independent improvement sets, which demands domain
knowledge often unavailable in practice. We instead
model post-response qualification as 7 evaluated at the
adapted features, that is the observational conditional
P(Y = 1| X) remains valid under change in agent fea-
tures. Under this modeling choice, manipulation and
probabilistic improvement coexist in a single model
without a prespecified causal /non-causal feature par-
tition, and the manipulation region depends on the
deployed classifier. This yields a PAC learning guar-
antee under 7, with sample complexity linear in the
dimension d (Corollary 4.4), and generalization guar-
antee (Theorem 5.3), with no direct analogue in Attias
et al. (2025); Sharma and Sun (2026).

2 SETTINGS

Let X C R? denote the feature space, and D be a distri-
bution over X. Also let Xy := supp(D) C X denote the
support of the original feature distribution. Agents may
report feature vectors in a feasible report set A C X,
with Xy C A. For simplicity we take A to be common
across agents; the model can also allow agent-dependent
feasible sets A(x) C X'. We define the class-probability
function as n(z) = P(y = 1|x), where the label for z is
drawn as y | z ~ Bernoulli(n(z)). The training dataset
D consists of unaltered points (x;,y;)" ;, where the
x;’s are independently sampled from D and y; are in-
dependent realizations of n(z;). For brevity, we write
Yy to denote the label y conditioned on z, throughout
the paper. Further, we define err(-) as the standard
expected 0 — 1 loss, err(f) = E,op[1(f(x) # y.)]-

Definition 2.1 (Agent Best Response). For a classifier
f, an agent with original feature vector x € Xj reports

zl e arg I%a({ﬁf(z) —c(z,2)},

B > 0 is the benefit from positive classification and
c(x,z') is the cost of changing features from z to a’.

Strategic reporting induces a mismatch between the
training distribution and the distribution observed at
deployment. A strategically robust classifier accounts
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for this best-response-induced distribution shift and
adjusts its decision rule accordingly. The goal in stan-
dard strategic classification setting is to minimize the
strategic error given below.

Definition 2.2 (Strategic Error (Hardt et al., 2016)).
The strategic error of a classifier f € F is defined as

errs(f) =Ezup [ﬂ[f(xf> # yaf” . (1)

This definition implicitly assumes labels are immutable.
We adapt the above objective to reflect the resulting
change in qualification/labels in improvement-aware
settings as follows.

Definition 2.3 (Strategic Improvement Error). The
strategic improvement error of a classifier f € F is
defined as

errimp(f) = Eznp []l [f(aT) # yzf]] . (2)

We consider endogenous improvement in qualification.
This modeling choice captures strategic behavior as
inducing true qualification changes. In particular, the
probabilistic gain in qualification is a function of dis-
tance from classifier boundary, in contrast to models
that either partition agents exogenously into gaming
versus improving types (Horowitz and Rosenfeld, 2023;
Chen et al., 2023) or treat improvement as determin-
istic (Attias et al., 2025). To characterize when and
how feature improvements translate to qualification
improvements, we assume the following condition on
the model.

Assumption 1 (Single-index qualification model).
There exists a continuous non-decreasing function
g :R —[0,1] and a vector w* € R, \ {0} such that

n(z) = g(w* ") for all z € X. Moreover, the Bayes
threshold b* :=inf{t € R : g(t) > 1/2} is finite.

The single-index qualification model ensures that the
true data-generating process respects a natural align-
ment between feature improvements and qualification
improvements, enabling us to design classifiers that
leverage this structure. This class of models covers
several standard probabilistic classification models, in-
cluding logistic, probit, and other monotone-link gen-
eralized linear models; the sigmoid link is a common
example (Foster et al., 2018; Yara and Terada, 2026).
Furthermore, Assumption 1 is particularly justified in
domains where features represent positive attributes,
skill investments, or substantive credentials rather than
mere signals. We validate this assumption on real-world
datasets in Appendix H. Next we observe that Assump-
tion 1 guarantees that the optimal classifier is linear.

Observation 2.4 (Existence of a linear Non-strategic
Bayes optimal classifier). Under 0-1 loss in the Single-
index qualification model (Assumption 1), there exists

a Non-strategic Bayes optimal classifier of the form
f*(x) = 1{w* "z > b*} for some threshold b* € R. In
particular, if b* := inf{t € R : g(t) > 1/2}, then the
classifier above is Bayes-optimal.

This observation (proof in Appendix B) allows us to
restrict the space of classifiers to the set of linear classi-
fiers with non-negative weights and hence, throughout
the paper, we will assume that

F={X —={0,1}: fus(2) =L(w'z>b)},

where w; > 0 for all ¢ € [d], w # 0, and b € R, writing
f and fy, 5 interchangeably.

Definition 2.5 (Linear-decomposable cost). A cost
function ¢ : Xy x A — R4 is decomposable if there
exist a; > 0 for ¢ € [d] such that

d
c(z,2) = Z%‘(Zi — i)
i=1

Here, (2; — z;)+ = max(0, z; — x;).

The cost model is a weighted one-sided ¢; action cost,
where the parameters a; denotes the per-unit cost or
difficulty of improving a given feature 7. It is closely
related to the linear/separable manipulation costs used
in strategic classification (Hardt et al., 2016; Ahmadi
et al., 2021) and to coordinate-wise action costs used
in algorithmic recourse (Ustun et al., 2019). This
structure captures settings where each feature can be
improved independently at some per-unit cost, e.g.,
hours spent on test preparation, tuition for certification
courses, or effort invested in building work experience.

Assumption 2. Cost function is linear-decomposable.

First, we prove certain structural results for the
improvement-aware strategic classification.

3 PRELIMINARIES

All proofs for this section are deferred to Appendix C.
Throughout, we assume feasibility: for every x € A
and i € [d], z +te; € Afor all t € [0,8/a;]. Our
first result characterizes the agents’ best response to
a linear classifier and shows that, with non-negative
weights, agents who respond do so by improving their
feature values, i.e., the best-response feature vector is
coordinate-wise no smaller than the original one.

Lemma 3.1. For fu,, € F, let S(w) =
Bmax;ciq w;/o; and let j* be the smallest index in
argmax;eiq wj/a;. Then for every x € Ap, the se-
lected best response is

n b—w'x
T+ ———ejx
af = wie

x, otherwise.

ifb—S(w) <w'a<b
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Lemma 3.1 shows that, under f,, ; exactly the agents
with w'z € [b — S(w), b) move, and they land on the
decision boundary; since w # 0, w;+ > 0 and @/ is well
defined. This is the linear-decomposable analogue of
the Euclidean-cost best response used by Levanon and
Rosenfeld (2022); here, agents move along the most
cost-effective coordinate.

Remark 3.2. Lemma 3.1 implies z/ > x coordinate-
wise: agents never decrease a feature. Since 7 is non-
decreasing in each coordinate (Assumption 1), n(xf) >
n(x), i.e., best responses can only raise an agent’s
qualification, which is a central theme of the paper.

Theorem 3.3. For f,,, € F, let fo(x) = 1{w 'z > b}
with bs = b+pmax;cq) w;/a. Then fs(fo) = fuwp(x)
for every x € Xy. Consequently, errs(fs) = err(fup).

Each unit of cost raises the score w'z by at most
S(w)/B, attained by moving along e;~. Since positive
classification is worth [, an agent can profitably raise
its score by at most S(w). Under f, (the strategic
counterpart of f,, ), agents with w 'z > b can therefore
reach by = b+ S(w), while agents with w "z < b cannot,
so fs(zfs) = fu ().

Corollary 3.4. Let f,» 1+ € argmingcr err(f), i.e.,
it is a non-strategic Bayes-optimal classifier (Obser-
vation 2.4). Then, its shift [} = fu»p: is strategic
optimal among linear classifiers in F.

In one dimension, with n strictly increasing, let 6*, 6,
Ormp be the thresholds minimizing err, err,, erryyp,
respectively. Then 6* < O, < 6,. (Lemma C.1)

We proved important structural properties of an opti-
mal improvement-aware classifier. However, learning
an optimal improvement-aware classifier requires post-
deployment labels, which depend on agents’ responses
x/ (hence on f itself) and are unobserved before de-
ployment. In Section 4, we assume oracle access to
these labels, as in a controlled deployment; learning
remains nontrivial since D is unknown and both =/ and
its label depend on the classifier f, and we establish
PAC Learnability. In Section 5, we replace the oracle
with a plug-in estimate 7 and derive generalization
bounds depending on its estimation error.

4 PAC LEARNABILITY WITH
ORACLE ACCESS

We establish PAC learnability of improvement-aware
strategic classification under oracle access by reducing
it to uniform convergence over an induced loss class.
Throughout, we fix the deterministic tie-breaking rule
of Section 3, so that the best response -/ is uniquely
determined for every x € Xy and f € F. In this section,
we assume oracle access to the true conditional law 7(+),

which allows the learner to construct, for any f € F,
the improvement-aware labels of Definition 4.1.

Definition 4.1 (Oracle labels). Let (z;,v;)", be
iid., with 2; ~ D supported on Xy and y; | z; ~
Bernoulli(n(x;)), and let uq,...,u, ~ Unif[0,1] be
i.i.d., independent of (z;,y;)" 1, drawn once and shared
across all f € F. For f € F, define

yl = 1{y; = 1Vu; <pf(z:)},

_ n@N-n() -
1—n(x)
ment probability (Appendix I).

where pf () : [0, 1] is the true improve-

Since w; is independent of (z;,y;), P(ylf =1]a) =
n(x:) + (1= n(@:))p! (x;) = n(z]); that is for every
fixed f, the posterior distribution of y[ given x; is
Bernoulli(n(xzf )). Hence the empirical improvement-
aware error

- 1 & . .
eTTimp(f) = — doa [f(xf) # yf]
i=1
satisfies E[€TTimp(f)] = errimp(f) for any fixed f € F.

Theorem 4.2. Let the sample and oracle labels be as
in Definition 4.1, suppose the induced oracle-loss class

H={hy: f € F}, where
By, u) = 10 ) £ 1y = 1V < pf (2))]

has finite VC dimension d > 1. Then for every § €
(0,1) and n > d, with probability at least 1 — § over
sample (x’ia Yi, ui)?:l:

sup | errimp (f) = ermimp (f)] < €n(9),
fer

where €,(8) = 2= + 4\/ 2dlog(en/d) | \/ log(1/5).

The main difficulty is that the post-response label is
random and its law depends on f. Independently re-
sampling labels across classifiers introduces classifier-
specific randomness, which can prevent uniform con-
vergence over infinite classes. We therefore couple
the labels across classifiers through a single auxil-
iary variable u; per point (Definition 4.1), so that
the loss of every f is a fixed function hy of the
same augmented point z; = (z;,y;, u;), and uniform
convergence can be controlled through the VC di-
mension of H. The coupling preserves each clas-
sifier’s conditional post-response label distribution,
yzf | x; ~ Bernoulli(n(x{)), so Elhf(2)] = errimp(f),
while €T (f) = L 37 | hy(z;) by definition. The
problem thus reduces to uniform convergence for the
binary class ‘H over i.i.d. sample: symmetrization to-
gether with Massart’s lemma and the Saucer’s lemma
bounds the expected deviation by the first two terms
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of €,(9), and McDiarmid’s inequality yields the stated
high-probability term. The full proof is in Appendix D.
The following lemma yields d = O(d) in our setting.

Lemma 4.3. Let X C R and let F be the class of
linear classifiers of Section 2. Under Assumptions 1
and 2, the induced oracle-loss class H of Theorem 4.2
has VC dimension d < 11(d + 1) = O(d).

Write § = (w,b). Under Assumption 2 and the tie-
breaking rule, an agent who moves does so along the
single coordinate j* = min argmax; w;/a;, so the pa-
rameter space splits into d regions ©; = {0 : j* = j}
that do not depend on the input. On each Oj, Sec-
tion 3 gives the best response in closed form: whether
the agent moves, and the post-response decision f(z/),
are determined by the signs of two affine functions
of 8. For the oracle label, monotonicity of the link g
(Assumption 1) rewrites the event {u < pf(z)} as the
threshold condition w* " zf > k(z,7), where k depends
only on the input through the generalized inverse of
g. Substituting the closed form x/ turn this into the
sign of a third affine function of 8, while the degener-
ate cases (no move, n(z) = 1, or infinite k) reduce to
events that do not depend on #. Hence, on each re-
gion, h¢(x,y,u) is a fixed Boolean function of the signs
of three affine functions of # € R4+! with coefficients
depending only on (z,u), and a sign-pattern counting
bound (Lemma D.3) gives d < 11(d + 1). Notably,
the bound does not depend on the form of g; only its
monotonicity and continuity are used. The full proof
is in Appendix D.

Corollary 4.4 (Agnostic PAC learnability). Under
the conditions of Theorem 4.2 and Lemma 4.5, let
[ € argmingcr errimp(f). Then for every 6 € (0,1)
and n > 11(d + 1), with probability at least 1 — 0,

~

errmp(f) < mf errmp (f) + 2¢,(0),

where 2e,(8) = O (\/dlogT(Ln/d) n \/10g(§/5)>.

Remark 4.5. Oracle access to 7 specifies how labels
respond to strategic movement but not the population
distribution D; since errim,(f) couples f with the
induced response z7, its minimizer over F depends
upon D and must be learned from samples. In Section 5,
when 7 is replaced by an estimator 7), the resulting plug-
in analysis incurs an additional approximation term of

order sup_¢ 4 [7(2) — n(2)].

5 ORACLE FREE LEARNING WITH
ESTIMATED 7

We now propose an improvement-aware strategic learn-
ing algorithm STRAT-IMP-AWARE that targets the

Algorithm 1 STRAT-IMP-AWARE

1: Input: Training Set D,,, Validation Set D, 4, Epochs
T, Learning rate -y, Utility 3, Cost-coeff. &,
Differentiable Estimate 7, Guard d,

: Initialize w € R%, \ {0}, b € R; Lyest + o0

2

3: for epoch =1...7T do

4 for batch (X,Y) € Dy, do

5: 7 < SiM-IMP-PROB(X, w, b, 3, @&, 7,6 )
6: Lyaten + STRAT-IMP-Loss(X,Y, 7, w, b, 3, &)
7 w (w — ’Yvwﬁbatch)+

8 b+ b— 'VVbEbatch

9: end for

10: Loar+0;,m<«0

11:  for batch (X,Y) € Dyu do

12: 7 « SiM-IMP-PROB(X, w, b, B, &, 7, dg)
13: »Cva,l — Eval +

STRAT-IMP-Loss(X,Y, 7, w, b, 8, &)

14: m<+—m-+1

15: end for

16: Lyal < Lval/m

17: if L1 < Lpest then

18: Lbest — Lvah Wpest < W, bbest ~b

19: end if
20: end for

21: return Best Model (wpest, boest)

Algorithm 2 SiM-IMP-PROB

1: Input: Feature z, Model (w,b), Utility 8, Cost-coeff.
&, Differentiable Estimate 7, Guard d,
J* < minarg max;cq w; /oy
S(w) < Bwj» [ajx
ol — 2
if 0 <b—w'z < S(w) then
T

o~z + I’J”T”ej*
end if
return Tmp clamp[oyl] (

(=) —7(x) )
max{ 1-7(x), dg }

improvement-aware classification error under endoge-
nous feature manipulation and label improvement, with-
out the need of oracle access. The algorithm extends
Levanon and Rosenfeld (2022) in three ways: (i) de-
composable costs replace Lo costs, yielding a closed-
form strategic shift S(w) = f - max;cqw;/c; (i)
label improvement is modeled through each agent’s
improvement probability under the deployed model,
computed from a plug-in estimate 7; and (#4¢) training
differentiates through both the strategic shift and these
estimated improvement probabilities.

Algorithm 3 STRAT-IMP-LOSS

1: Input: Point (z,y), Imp-probability Timp, Model
(w, b), Utility 8, Cost-coeff. &

g y+ (1= y)Tmp

S(w) < fmax;eig (Z—;)

score «— w' z — b+ S(w)

return ¢ < gq(1 —score)+ + (1 — q)(1 + score)+
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Improvement probability. Given a sample
{z;,y;}!, from the pre-deployment distribution
and the current model (w,b), SiM-IMP-PROB (Al-
gorithm 2) first computes the best response 7,
which under non-negative weights and decom-
posable costs has a closed form (Section 3): if
0 <b—w'z < S(w), the agent moves along the
most cost-effective coordinate j* exactly onto the
decision boundary; otherwise (already positive, or too
far to move profitably) 2/ = x. Since 7 is unknown,
SiM-IMP-PROB uses a plug-in estimate 7 to compute
and return the improvement probability Trmp, =
clampyy ) (7(w!) 7))/ max{ 1~ (), 3, }).

STRAT-IMP-LOss  (Algorithm 3) then forms
g = y+ (1 — y)Timp, the probability that post-
response label is positive: a point with y = 1
remains positive, and a point with y = 0 be-
comes positive with probability 7mmp. Equivalently,

¢ = P(Yimp = 1 | z,y) for the improvement-aware
label yimp = L(y = 1V u < Timp) with w ~ Unif{0, 1].
With 1 in place of 7, E[g | 2] = n(z/) under

Yimp | © ~ Bernoulli(n(x/)) (Appendix I).

Assumption 1 whenever 1 — n(z) > 44, so that

Loss. STRAT-IMP-LOSS applies a hinge surrogate to
the shifted score M (z) = w 'z —b+S(w); since f(xf) =
1(w"z > b— S(w)), the shift accounts for strategic
responses without computing z7 inside the loss. Rather
than sampling y1mp, we take the expectation over u in
closed form:

By [(1 = gM(2))+] = ¢(A=M ()4 + (1=q)(1+M (z))

3)
where § = 2y1mp—1. This is the conditional expectation
over u of the sampled-label empirical risk analyzed in
Section E: it has the same population risk, deterministic
function of (w,b) and removes the sampling noise in w.

Training. At each update, g is recomputed from (w, b),
and gradients propagate through the differentiable es-
timator 7. For a manipulating point,

¥ b—w'z 31”{* 1
T =x+ €jx, — =
wj* ab wj*

, Vwacj-c* =—

The coordinate j* and manipulation status are held
fixed during differentiation, yielding exact gradients
wherever the corresponding branch is differentiable. On
the movement branch, the bound |0¢/9q| < 2Bw; /o«
cancels the inverse factor in the response derivatives;
elsewhere, ¢ = y locally. The loss is continuous across
manipulation boundaries but may jump across the tie
hyperplanes {w;/a; = wi/ax}, where the selected
response coordinate changes. Algorithm 1 uses pro-
jected (sub)gradient steps on R, x R, as required by
Theorem 3.3, and returns the model with the lowest
validation loss across epochs, which also guards against

U)j* '

degradation from crossing the tie hyperplanes. Algo-
rithms 2 and 3 are applied row-wise, with per-point
losses averaged within each batch and validation loss
averaged across batches. Validation improvement prob-
abilities are recomputed under the current model, and
(\)+ is applied entrywise. More details are given in
Appendix H.

Lemma 5.1 (Gradient bound, Informal). Under mild
boundedness conditions, the gradients of the loss of
Algorithm 8 are bounded by a constant that depends
neither on the classifier’s parameters nor on the train-
ing data, so they do not blow up as the weights shrink.

The formal statement, its assumptions, and the proof
are given in Appendix E. Lemma 5.1 keeps the iterates
bounded: since per-point (sub)gradients are bounded
by constants G, G that do not depend on the training
sample, and the projection onto R‘io is non-expansive,
after N updates every iterate satisfies ||wl|y < ||w(® |2+
YNG,, and |b| < |b] +yNG}. Hence the returned
model lies in Wy 5 = {(w,b) : w € RL,,[Jw]s <
k,|b| < B} with k == |w®||s+yNG,, and B = [b(O)|+
YN Gy, both fixed before training; our generalization
analysis is uniform over this class.

We next derive a generalization bound for STRAT-IMP-
AWARE when the outcome law 7 is unknown. Whereas
Theorem 4.2 assumes oracle access to 7, Algorithm 1
replaces 17 by an independently trained estimator 7: it
uses 7] to compute each agent’s improvement proba-
bility 7rmp under the deployed model (Algorithm 2),
and minimizes the plug-in strategic improvement loss,
a hinge surrogate that weights each point by the re-
sulting probability of a positive post-response label
(Algorithm 3). The bound separates the resulting error
into a generalization term and a plug-in estimation
term. Throughout, 77 = g(@'-) with @ € R% is es-
timated independently of the training sample, of size
n, and the guard satisfies 0, < 1 —sup,c 4 7(2). Let
= sup,c 4 ||2]l2 < 00, prmp =71+

min;eq) o;’ Ch.p =

kplmp + Ba En = SUP,cy |1/7\(Z) - 77(Z)|

Lemma 5.2. Let 9 := Pdim(Il; g) + Pdim(My ),
where Pdim denotes pseudo-dimension Anthony and
Bartlett (2009) and Iy, g, My, g be the classes of maps
T = Timp (2w, b) and x — M, p(x) over Wy g. Then
0 < 12(d+ 1), and the loss class of Algorithm 8 over
Wi, B has the covering numbers of a class of pseudo-
dimension 0, up to absolute constants.

Detailed proof of Lemma 5.2 is given in Appendix E.

Theorem 5.3. Let (w,b) € Wi be the model re-
turned by STRAT-IMP-AWARE. Under Assumptions 1
and 2, for every 6 € (0,1), with probability at least
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1-96,
ernmp(fi&,i)) S Eﬁinge(w7 B) + C(l + Ck»B) V D/TL
log(1/6
+ (1 + Ck:,B) % + 40;6’3877,

where 0 is as in Lemma 5.2 and ¢ > 0 is an absolute
constant.

Proof overview of Theorem 5.3. The proof combines
three bounds, each uniform over Wy, p.

1. By Theorem 3.3, fy(zf) = 1(M,(z) > 0) with
|Myp(z)] < Ck B, S0 erryp is bounded by a hinge
risk weighted by n(z7).

2. The weights g, , used by Algorithm 3 have condi-
tional mean within 2¢, of n(z/) (Lemma E.1 in Ap-
pendix E), so, replacing n(zf) by conditional mean of
Gw.,b in true loss Lﬁinge costs at most 4C}, ge, and 5
is an unbiased estimate of the resulting risk.

3. Since the loss is Lipschitz in Trmp and My,
Lemma 5.2 controls the covering numbers of the loss
class, and Dudley’s entropy integral and McDiarmid’s
inequality give the two /-/n terms. O

Detailed proof of Theorem 5.3 is given in Appendix E.
Remark 5.4. Beyond the empirical risk L%irlge’ the

bound consists of two terms of order O(n~'/2), with
0 = O(d), and the estimation term 4C} ge,. The esti-
mator enters the guarantee only through ¢,, and not
through the loss used to obtain it: any independently
estimated 7 with &, = O(m~1/2) yields the same con-
clusion. We give explicit theoretical upper bound under
additional conditions in Appendix F for completeness.

6 EXPERIMENTS

We now validate our theoretical results and as-
sumptions, and evaluate performance of our pro-
posed STRAT-IMP-AWARE on both synthetic and semi-
synthetic data. Our code is available [here].

Experimental Setting. We evaluate our algorithm
on four datasets Adult (Becker and Kohavi, 1996), HE-
LOC (FICO, 2018), Law School (Wightman, 1998)
and ACS Income (Ding et al., 2021) and on Synthetic
dataset. We partition each dataset in a 45/45/5/5 ratio:
the first 45% is used to estimate 1 and the rest as train-
ing, validation and test sets. We perform two major
experiments on these datasets. Additional details on
experimental setup with ablation studies are given in
the Appendix H. Dataset details are summarized in Ta-
ble 4 in Appendix H.2. The class-probability function
n(x) is modeled using Logistic Regression, following the
Assumption 1. On all the datasets, we consider the fea-
tures for which 7(x) is monotonically increasing, more

details can be found in Appendix H. We use a single-
layer neural network with a d-dimensional input and a
biased linear output and optimize the model parame-
ters using a STRAT-IMP-LOSS objective. The model is
trained using stochastic gradient descent (SGD).

We implement two benchmark algorithms namely
SERM (Levanon and Rosenfeld, 2022) and Attias et al.
(2025). The classifier is trained using an objective that
anticipates agent manipulation. During training, we
adjust the loss by adding a strategic gain term, which
represents the maximum score change within their bud-
get 5. For more details, refer Appendix H.2.

Comparison with Attias et al. (2025): The com-
parison is necessarily model-mismatched because the
two frameworks model improvement differently. Attias
et al. (2025) use classifier-independent improvement
sets, whereas our model induces improvement endoge-
nously through strategic best responses. We there-
fore use their method as a representative improvement-
aware baseline rather than as a strictly model-matched
comparison.

Robustness to Training Set Size. Figure 1 eval-
uates the improvement-aware strategic error on test
data across the datasets as a function of the number
of training samples and shows that the improvement-
aware linear classifier ff . consistently achieves lowest
improvement error regardless of training set size. Fur-
thermore, the strategic linear classifier f; generally out-
performs the standard optimal linear classifier f*, while
achieving comparable performance on the Law School
dataset. This clear hierarchy empirically demonstrates
that fZ serves as a better proxy for improvement-aware
settings than the naive f*, even when training data is
limited.

Improvement Rates. We evaluate the agent’s label
improvement across the four classifiers: SVM, SERM
(Levanon and Rosenfeld, 2022), STRAT-IMP- AWARE
and Attias et al. (2025). For each deployed classifier,
we count an agent as manipulating if its selected best
response differs from its original feature. Among ma-
nipulating agents, we count an agent as improved if
the sampled post-response label is positive after ma-
nipulation when the original label was negative. The
improvement rate reported in Table 1 is the fraction
of negative labeled manipulating agents who improve.
Total counts of manipulating and improved agents are
quantified using the test data.

7 OUTCOME LAW UNCERTAINTY

Access to n determines the classifier for deployment
under improvement aware setting. For instance, we
show in Section 4 that if the learner has oracle access to
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Dataset Metric SVM SERM STRAT-IMP-AWARE Attias et al. (2025)
Manip. agents 11687 1977 147 183
Adult Improved agents 1537 128f 104 73
Imp Error (%) | 62.40" 15.507 15.80 17.90
Manip. agents 141 44 92 66
HELOC Improved agents 35 17 47 25
Imp Error (%) | 38.90 32.50 22.0 25.70
Manip. agents 621 131 69 60
Law School  Improved agents 31t 9f 41 31
Imp Error (%) | 528" 30.07° 4.71 5.48
Manip. agents 4091 794 2640 135
ACS Income Improved agents 1330 725 2310 85
Imp Error (%) | 40.60  19.50 6.4 36.1
Manip. agents 412 38 221 293
Synthetic Improved agents 148 35 192 238
Imp Error (%) | 36.60 21.10 6.30 8.10

Table 1: STRAT-IMP-AWARE achieves the lowest strategic improvement error and induces more responses and label
improvements than SERM on four of five datasets. Relative to SVM, it induces fewer responses on four of five datasets
and achieves a higher improvement rate among responding agents on all five. This suggests that improvement-aware
training encourages feature changes that enhance qualifications. { class-weighted results addressing severe class imbalance.

—o— Non-strategic Classifier (SVM) —m— Strategic Classifier (SERM) —#— Attias et al. (2025) —&— STRAT-IMP-AWARE

6000 0 3000

(c¢) Law School

3000 3000

(d) ACSIncome

6000 0

Strategic Improvement Error
o
E4
I
|
o
[7
2
I
|
o o
? ‘o @ )
m
|
Q
2 25

(e) Synthetic
Number of training samples

Figure 1: Strategic improvement error (€rTimp) vs. number of training samples. Lines show the mean over 5 runs;

shaded regions show the min—max range.

71 the optimal improvement aware classifier is learnable.
However, oracle access may not be a practical assump-
tion in many real world settings, except where multiple
controlled trials are feasible, since post-deployment la-
bels are function of the deployed classifier. Another
interesting idea we explored in this paper, is to sim-
ulate an 7 labels from the input data to evaluate the
classifiers under consideration. Since the outcome law
1 governing pre- and post deployment label generation
is fixed, we first learn 7, an estimate of n and use it
to learn optimal improvement aware classifier with an
additive error in 7 estimate. Learning 7 comes with
additional complication that it may not be always pos-
sible. We discuss this aspect more in Appendix F and
give sufficient conditions under which we can learn 7.

Our next result (proof in Appendix G) provides a

recommendation in cases where these conditions are
difficult to verify or fail to hold. In particular, we
compare two classifiers namely, Bayes optimal classifier,
which accounts for neither gaming nor improvement
(naive viewpoint), and the optimal strategic classifier
which incorporates only strategic gaming (pessimistic
viewpoint). We show that when post-deployment labels
generation process is difficult to learn it is always safe
to choose the optimal strategic classifier.

Theorem 7.1. Under Assumptions 1 and 2, the fea-
sibility and tie-breaking conditions from Section 3, the
strategic-optimal classifier fi and the Bayes-optimal
classifier f* satisfy

erTimp (fI) < errimp ().
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8 CONCLUSION

When improvements are endogenous, strategic classifi-
cation is no longer a purely defensive problem: agents
may respond to the deployed classifier by improv-
ing their qualifications, not only by gaming it. Our
results show that this richer setting remains statis-
tically tractable: under a single-index qualification
model and linear-decomposable costs, best responses
act as a closed-form shift of the decision boundary, and
improvement-aware learning is PAC learnable under
oracle access to n, with sample complexity linear in
the dimension. Experiments on synthetic and semi-
synthetic data support the plausibility of our assump-
tions and the effectiveness of STRAT-IMP- AWARE when
7 is estimated. Our guarantees rest on two choices:
a single-index structure, which lets 7 extrapolate to
best-response points beyond the support of the pre-
deployment data, and independent agent responses
under a fixed conditional outcome law. Future work
includes non-decomposable costs e.g., £ costs, heteroge-
neous agents, repeated interactions and causal models
that separate genuine improvement from gaming.

ATl use statement

In this work, we used generative AI tools in three
limited capacities: (i) identifying grammatical and
typographical errors in the text, (i7) assisting with the
derivation of proofs, and (iii) debugging and writing
code. All LLM-assisted proofs were verified line by
line by the authors, and all LLM-generated code was
reviewed and tested for correctness. Generative Al
tools were not used to formulate research questions,
hypotheses or claims, and the ideas and contributions
presented here are our own. We conducted a manual
literature survey to ensure that prior work is properly
attributed. We take responsibility for the final content
of this work, including all text, claims, proofs, and
code, whether or not generative Al tools were used in
producing them.
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A NOTATION

Notation Description

X C R4 Valid feature space; both original features and reported/post-response
features lie in X.

Xo =supp(D) C X Support of the original /pre-deployment feature distribution.

ACX Feasible report/action space, with Xy C A.

D Distribution over original features, supported on Xj.

x € X Original feature vector sampled from D.

zeA Reported /post-response feature vector.

Y ={0,1} Binary label space.

n:X —[0,1] Class-probability function, n(z) =P(Y =1| X = z).

Yo ~ Bernoulli(n(z)) Conditional label generated at feature vector = € X.

F Hypothesis class of linear classifiers fu, : X — {0,1}.

Fuwp(z) =1{w" 2z > b}

c: Xy X A— R+

o(x,2) = 20, iz — @)y
(a)+ = max{a, 0}

B8>0

up(x, 2) = Bf(z) — c(x, 2)

x! € argmax.ca us(z,z)
err(f) = Euenn[1{f(z) # y:
erry(f) = Eonp[L{f(z) #

2 }]
Yz
errimp(f) = Eeup[1{f(z')

}

# Yot }]
Timp(f) = £ 0, 1{f(2]) #y,s}
g:R—10,1] '
w* € RY,
b* =inf{t e R: g(t) > 1/2}
f*
13
fﬂnp
S(w) = fmax;cpq wi/ o
bs = b+ S(w)

Myp(z)=w'z—b+ S(w)
pimp =1+ B/ minje(q) o

n
€y = sup.e 4 [71(2) — ()|
Lﬁinge(’“‘“ b)

W, B

Ck:,B - kplmp + B

Linear classifier with weight vector w € R%, and threshold b € R.
Cost of changing original feature z € Xy to report z € A.
Linear-decomposable one-sided cost, for some i € [d], a; > 0.
Positive part of a € R.

Utility gain from receiving positive classification.

Utility of reporting z € A for an agent with original feature = € Xp.
Best response/report under classifier fy p.

Standard non-strategic classification error.

Strategic error with immutable labels.

Strategic improvement error with post-response labels.

Empirical strategic improvement error.

Monotone link function in the single-index model.

True single-index direction, satisfying n(z) = g((w*) " z).

Bayes threshold under the single-index model.

Non-strategic Bayes optimal classifier.

Strategic-optimal shifted classifier.

Improvement-aware optimal classifier.

Strategic shift induced by classifier f., .

Shifted threshold corresponding to fus.

Strategic shifted margin used in the hinge surrogate.

Radius parameter used in the generalization bound, where r =
Susz.A ||ZH2

Plug-in estimator of 7.

Uniform plug-in estimation error over feasible reports.

Empirical plug-in strategic improvement loss minimized by STRAT-IMP-
AWARE.

Norm- and bias-bounded parameter class {(w,b) : w € R%,, ||w|z <
k, b < B}. §

Uniform margin bound used in Theorem 5.3.

B PROOFS FROM SECTION 2

Table 2: Notation used in the paper.

Observation 2.4 (Existence of a linear Non-strategic Bayes optimal classifier). Under 0-1 loss in the Single-
index qualification model (Assumption 1), there exists a Non-strategic Bayes optimal classifier of the form
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(@) = H{w* "z > b*} for some threshold b* € R. In particular, if b* = inf{t € R : g(t) > 1/2}, then the
classifier above is Bayes-optimal.

Proof. By Assumption 1,

n(z) = g(w* ).

Since g is nondecreasing, the set
{e:n(@) 21/2} = {z: g(w*T2) > 1/2}
is a threshold set of the form {z : w*Tz > b*}, where
b* :=inf{t e R: g(t) > 1/2}.

Hence the classifier f*(z) = 1{w* "2 > b*} is Bayes optimal. O

C PROOFS FROM SECTION 3

In this section, we present proofs from Section 3.

Figure 2: The strategic classifier f (brown) is obtained by shifting the linear classifier f (red) by a margin of

max;e[q) (%) B3. This translation anticipates utility-maximizing feature manipulation from x to x’ by the agents.

Lemma 3.1. For f,, € F, let S(w) = fmax;cqw;/a; and let j* be the smallest index in arg max;c(q w;/o;.

Then for every x € Xy, the selected best response is
b—w'z
f T+ ——"ej, ifb—Sw)<wlz<b
T = W=
x, otherwise.
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Proof. Let A :=b—w'z. Since w # 0 and a; > 0, we have S(w) > 0 and wj;» > 0. For any z € A with w'z>0b,
using a; > fw;/S(w), (t)+ >t and w > 0,

B 3 BA
c(x, z) ng +meT(2—$)Z%~

Hence every positively classified z has ug(x, 2) < B(1 — A/S(w)), where us(z,2) == Bl(w'z > b) — c(z, 2), while
every negatively classified z has us(x,2) < 0.

Case A < 0. Staying at z is classified positively at zero cost, so u¢(z,z) = S is maximal and zf =z,

Case 0 < A < S( ). Let z* == x4+ (A/wj;+)ej«. Since Ajw;» < S(w)/wj» = f/aj«, z* € A by feasibility.
Moreover w'z* = b and c(z,2) = aj+Ajw;» = BA/S(w), so z* attains the bound above with us(x,2*) > 0.
Thus, 2* is a pos1t1ve best response; when A = S(w) it ties with staying, and tie-breaking selects it. Among
point = + te;«, only t = A/w;~ is both positive and cost-minimal, so zf = 2.

Case A > S(w). Every positively classified z has us(x,2) < 0 = us(x, ), so no positive best response exists and
f= O
xl = .

Theorem 3.3. For f,, € F, let fo(z) = H{w @ > by} with by == b+ Bmax;cq wj/oy. Then fo(xf) = fup(2)
for every x € Xy. Consequently, errs(fs) = err(fus).

Proof. Let r(w) = max;cpq wj/ay, fix fup € F. Let xfs denote the selected tie-broken best response to the
shifted classifier fs;. For any selected report z in the range of the best-response map, define Z, := { € A} :
z is the selected best response to f, for agent x}. These sets partition Xy according to the selected best-response
rule. It is therefore enough to show that, for every selected report z and every x € Z,, fs(2) = fuwp(x).

We first record a useful bound. For any x € X,y € A,

Z i — 2+ < r(w Z P — L)+
=r(w)c(z,y).

We now consider three cases.

Case 1: w'z > by. Then f,(2) = 1. Suppose, for contradiction, that f,, () = 0 for some x € Z,. Then w'x < b,
and hence fs(z) = 0. Since staying at z gives utility 0, while reporting z gives utility § — ¢(z, z), optimality
of z implies ¢(z,z) < 8. Using the bound above, w'z < w'x + r(w)c(x,z) < w'z + Br(w) < b+ Br(w) = b,
contradicting w'z > bs. Hence fy, p(7) =1 = fs(2).

Case 2: w'z = bs. Again fs(2) = 1. Suppose, for contradiction, that f,,(z) = 0 for some z € Z,.

Then w'z < b and f,(x) = 0. Since z is a selected best response, we must have c(z,2) < 3. Therefore,
bs=w'z<w'z+r(w)c(r,z) <w'z+ PBr(w) <b+ Br(w) = by, a contradiction. Thus f, () =1 = f(2).

Case 3: w'z < bs. Then fi(2) = 0. Suppose, for contradiction, that f, ,(x) = 1 for some z € Z,, i.e.,
w'z >b. If w'e > b, then staying at 2 gives positive classification with zero cost and utility 3, whereas
reporting z gives utility —c(z, 2) < 0, contradicting optimality of z. Hence we may assume b < w'z < b,.
Let § := by, —w 'z € (0,Br(w)]. Choose i* € argmax; w;/ca;. Since w # 0 and a; > 0, we have w;» > 0. By
the feasibility assumption, the point y := x + u%ei* belongs to A. Moreover, w'y = by, so fs(y) = 1, and
c(x,y) = q;- w%* = T(‘fu) —¢(x,y) > 0. On the other hand, since f(z) =0,
reporting z gives utility —c(z, z) < 0. If 8 — ¢(x,y) > 0, this contradicts optimality of z. If 8 — ¢(z,y) = 0, then
y is a positive best response with utility equal to that of any zero-utility negative response, so the tie-breaking
rule selects a positive response rather than z. This again contradicts z being the selected report. Therefore

fuwp(@) =0 = fs(2).

Combining the three cases, for every selected report z and every « € Z,, fs(2) = fuw»(z). Equivalently, for every
x € Xy, fs(x*) = fup(z). Taking expectation over the data distribution yields err,(fs) = err(fu.s)- O




Shrivastava, Akshintala, Reddy, Manwani, Gujar, Ghalme

Corollary 3.4. Let fy» p« € argminger err(f), i.e., it is a non-strategic Bayes-optimal classifier (Observation
2.4). Then, its shift f} = fu~p+ is strategic optimal among linear classifiers in F.

Proof. Let f* be the Non-strategic Bayes optimal linear classifier and fZ be the corresponding strategic classifier
satisfying err,(f¥) = err(f*). For contradiction, assume that there is a classifier f, with parameters (w’,d’)
satisfying

erry(f,) < errs(f7). (4)

’

and consider classifier f/ with parameters w’, b — maX;e|q] (Zj) 8. The following set of inequalities result in a

contradiction.

err,(ff) = err(f*) < err(f') = err,(f.) < err,(f?).

The first inequality above follows from Bayes optimality of f* and the second inequality follows from Equation
4. O

Lemma C.1. [Improvement threshold lies between Non-strategic Bayes and Strategic thresholds] Let x ~ D
with © € X C R, and the label associated with input = be y, ~ Bernoulli(n(z)) where n: X — [0,1] is a strictly
increasing function. Consider threshold classifiers of the form fg(x) = 1(xz > ). Denote by 0* the Non-strategic
Bayes optimal threshold. Let 0, be the optimal threshold under strategic manipulation with 3o € RT then suppose
cost function c(z,x’) = max(0,a(z’ — x)) and let Oimp be the optimal threshold under our improvement-aware
model. Then the thresholds satisfy:

0 < Omp < .
Proof. We establish the inequality chain 6* < 6, < 0, via proof by contradiction. We rely on the monotonicity
of the class posterior n(z) under the generalized linear model assumption. We proceed in two parts, First, suppose
that Oimp > 0s. We will show that this violates the optimality condition of the improvement-aware classifier.
Next, suppose that 01,y < 0*. We will again reach a contradiction by showing that the improvement risk can be
strictly reduced by raising the threshold. For simplicity in notation, let 2’ = 2fome be strategic manipulated
point under fy, = threshold classifier.
We know that,

glmp = arg min eITimp (fa)
6cR

= ar‘;ger]ginﬂi[]l(fg(l‘fs) F Ypto )

We begin with a few supporting technical results.

Claim C.2. Let us assume 0* > Oyyp. Then,

B(Wir0, = 0)(F(Ohmp) — Fl6tmy — ) — By = 0)(F(@*) ~ F(#* - )
0* 9*,% > 0
+ [ P =0px()ds = [ 7 Pl = Dpx()da
Proof.
Py = O)(F Bmp) — F(Oray — ) — Bl = 0)(F(0") ~ F(0* — D))
0* 9*_%
[ B = 0px@s = [ 2, = Dpxa)da
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o £
- / P(ys = 1) px (z) da
0 B

Tmp — &

( glmp <O = P(yelmp = 0) > ]P(ye* = O))

o —L£

= (PO~ D) POy~ D) =0 1)+ [ Bl = 0)px ()

5
91mp*/;

v

(PO~ 2) ~ Pt~ D) (Bl = 0) 4 Pl =0) - 1)
(V2 € [rmp — 5,0% = 2], P(ys = 0) 2 P(y,._s =0))

[

2 2B(yp- = 0) — 1)

« «

Hence proved. O

Claim C.3. Let us assume Oimp > 0s. Then,

(VT € [0s, 0mpl,  —P(yz = 0) > —P(yp. = 0))

Ormp— g

> By, = (PO = 5) = PO~ 2+ [ Pl = Dpx(a) do
( 0s < elmp = P(?Jes = 0) > P(yelnlp = 0))
—_
= (PO = 5) = PO = D)0 =Pl =0) = [ Pl = Opx(a)ds

> (Pl — ) F(0. ~ D)1~ B(ys,,, = 0) ~ By, s = 0))

@
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( V{L‘ S [05 - g,elmp - g]a _P(yw = O) Z _]P)(yes—é = 0))

> (Pl — 2) = PO, ~ D)1 = 2B =0)) (- ~Plyp,,,, = 0) > By, _s = 0) = ~B(yo- = 0))
—0 (" P(ys- =0) = 3)
0

Case 1: Lower bound (01, > 0*) Now, let us assume that Oy, < 6*.

errlnlp(felmp) = E[]l(fOImp (37/) # Ya')]
= E[L(for,., (") # Yar, @ € Roy,,)| + E[L(for,, (2) # yor, @ ¢ Roy,,,)]
= P(f91mp (ZE/) 7é Yo', T € Rglnlp) + P(fehnp (m/) 7é Yz, T ¢ Rehnp)
Ry, = [0tmp — g,&lmp} is the region such that agents in this region modify their features to get positive
classification.

= ]P)(yglmp =0,z € Relmp) + P(felmp (I/) 7é Yy T ¢ R91mp)

B
= ]P)(yehnp = Oa HAES R91mp) + P(ya: = 07 T > Hlmp) +P(yz = 17 T < elmp - E)

GInlp o0
- / Blyor,., = 0) px (z) da + / P(ys = 0) px (x) dx

Otmp— 4 O1mp

GIH‘P7 a
+ / P(y, = 1) px(z) dz

—0o0

= errimp(for) + P(Yor, = 0)(F(0rmp) = F(O1mp — g))

. . B ”
~ B = O(P07) = FO" =)+ [ Pl = 0)px(a)da
Imp
- £
- [ P = Do) s
elmp_g
> erTimp(for) (Follows from the Lemma C.2)

which contradicts improvement optimality condition of classifier, our assumption is false. Thus Oy, > 6*

Case 2: Upper bound (Opmp < 605) Now, let us assume that Oy > 0.

eTTimp (fo1,,) = B[L(for,,, (27) # Yar)]

= ]P)(yelrnp =0,z ¢ R91mp) +]P<ya: =0,z > GImp) +P(yz =l z< glmp - g)

/allnp
(%

Imp —

By, = 0 px(@)d+ [ By = 0)px(o)do

g almp

elmpf o
4 / Plys = 1) px (x) dz

— 00

= eTrp(fo.) + B, = O)(F(tmp) — Ffmy — )
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B Otmp
—Plye, = 0)(F'(6s) — F(6s — ) = P(yo = 0) px () d
95
Glmp T a
- B = Vpx (s
0.—L2
> errimp(fo,) (Follows from the Lemma C.3)
which contradicts the improvement optimality condition, our assumption is false. Thus Oimp, < 5. O

D GENERALIZATION BOUNDS WITH ORACLE ACCESS

Lemma D.1 (Uniform deviation bound for a VC class). Let H be a class of binary functions h : Z — {0,1} with
VC(H) <d. Let z1,...,2n i P, and define

1 n
r(S) := sup E[h(2)] — — ;h(zi) :
Then
Es[T(S)] < % +4 M.

Moreover, with probability at least 1 — ¢,

') < - +4\/ 2dloglen/d) \/logu/a).

2n

Proof. Let S’ ={z1,...,2.} be an independent ghost sample drawn from P, and let o1, ...,0, be independent
Rademacher random variables. By symmetrization,

n

%th(zi)

=1

= 2E5[Rs(H)).

Es[I(S)] < 2Eg, lsup
heH

Since H is binary and has VC dimension d, Sauer’s lemma gives

m(n) < (%)d, n>d

where mg(n) is the growth function of . Combining this with the standard Rademacher bound using Massart’s

lemma for binary VC classes yields
- 1 2dlog(en/d)
Es[R < —= 424 ————=,
s[Rs(H)] < 7 T2 -

ES[F(S)]§2<1+2 2d1°g<e”/d>>: 2, 4,/2dlog(en/d)

Therefore,

Vvn % n
This proves the expectation bound.

For the high-probability part, observe that changing one sample point z; changes % >, h(z;) by at most 1/n for
every h € H, and therefore changes I'(S) by at most 1/n (Lemma D.2). Hence T'(.S) satisfies the bounded-difference
condition. By McDiarmid’s inequality, with probability at least 1 — d,

() < Bslr(s)] + /220

Substituting the expectation bound above proves the claim. O
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Lemma D.2 (Bounded difference for uniform deviations). Let H be a class of functions h : Z — [0,1], and let

I'(S) := sup
heH

)

ElA(:)] - = > hiz)

where S = (z1,...,2n). If S and S’ differ in exactly one coordinate, then

IT(S) = T(S")] <

S|

Proof. Suppose S and S’ differ only in the j-th coordinate. For every h € H,

n

% Z h(z) — % > h(z))

i=1

1 1
— ~Ih(z;) ~ h()| <

n

because h € [0,1]. Taking the supremum over h € H preserves the same bound. O

Lemma D.3 (Counting lemma). Let {hy : 0 € ©} be a class of {0, 1}-valued functions on a set Z, parameterized
by © CRP, and let © = O, U---UOx be a partition that does not depend on the input. Suppose that for every
z € Z and k € [K] there are functions A, k1, ..., Az ks : RP = R, each affine in 6, and a Boolean function B,k
such that hg(z) = B, k(sgn Az 11(0), ..., 890 A,k 5(0)) for all 6 € Oy, where sgn takes values in {—,0,+}. If m
points are shattered and sm > D, then 2™ < K (8esm/D)P. In particular, if D =d+ 1, K < d and s < 3, then
the VC-dimension of the class is less than 11(d 4 1).

Proof. Let z1, ...,z be shattered. Padding with constant functions if necessary, we may assume that exactly s
functions are attached to each pair (z;, k). Fix k. For § € Oy, the labeling (hg(z1), ..., ho(zm)) is determined by
the sign assignment to the sm affine functions {\., . }icpm),refs) at . Since sm > D, Corollary 2.1 of Goldberg
and Jerrum (1993), applied to polynomials of degree one in D variables, bounds the number of consistent sign
assignments by (8esm/D)P. Summing over k € [K], at most K (8esm/D)P labelings are realizable, and shattering
requires 2™ of them.

For the second claim, pad with constant functions so that s = 3. It suffices to consider m > d+1, so that 3m > D.
With logarithms to base 2, the first claim gives

24em
8d+ 1

m <logd+ (d+1)lo

Since logd < d + 1, the ratio u .= m/(d + 1) satisfies u < 1 4 log(24eu). The function u — 1 + log(24eu) — u is
decreasing for u > 2 and negative at v = 11, so u < 11, i.e., m < 11(d + 1). O

Theorem 4.2. Let the sample and oracle labels be as in Definition 4.1, suppose the induced oracle-loss class
H = {h;: f € F}, where
hy(w,y,u) = 1[f(a) # Hy = 1vu <p!(2)}]
has finite VC dimension d > 1. Then for every § € (0,1) and n > d, with probability at least 1 — & over sample
(x%yiaui)?:l)
Sug)__|e"""lmp(f) - g”TT‘Imp(f)‘ < en(0),

fe
where €,() = % + 4\/2510g7(ben/c?) + \/logéi/&)'
Proof. For every f € F, define the induced oracle-loss function hy : Xy x {0,1} x [0,1] — {0,1} by

hy(a,you) == 1{f(2’) # 1y = 1vu < pf (@)]}.

The tie-breaking rule ensures that x/ is well defined, and hence h; is a well-defined binary function. Let
z = (z,y,u) ~ P, where z ~ D, y | * ~ Bernoulli(n(z)), and u ~ Unif[0, 1] independently, and let z; = (x;, y;, u;)
for i € [n]. Since uw ~ Unif[0,1] independently of y, and P(y = 1 | ) = n(z), conditioning on x gives
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Py =1Vu <p/(z)|2) =nx)+ (1 —n)p/(z) = n(zf), by the improvement model of Appendix I. Hence
1(y =1V u < p/(z)) ~ Bernoulli(n(x’)) conditionally on x. Therefore,

EZN'P [hf (Z)] = Ea:ND []l{f(mf) 7é Yg f H = errlmp(f)'

Moreover, by the Definition 4.1 oracle-label construction yzf = 1{y; = 1 Vu; < pf(x;)}, we have

n

%Zhﬂzi) = %Z 1f(z]) # y]] = erp ().

=1

Hence the uniform generalization gap in the theorem is exactly

I'(S) := sup
fer

b

Beplhy (2] - 5 3y (a)

where S = (z1,...,2,). The induced oracle-loss class H = {hy : f € F} has VC dimension d. Applying

Lemma D.1 to this class gives
2 2dlog(en/d)
Es[I'(9)] < —= + 4y —————=.
SIS € T+ 4y 78

Next, by Lemma D.2, changing one augmented sample point z; = (z;,y;, u;) changes T'(S) by at most 1/n.
Therefore, McDiarmid’s inequality implies that, with probability at least 1 — 9,

[log(1/6)
Es[T'(S)] + oy
Combining the last two displays yields
_ 2 2d log(en/d) log(1/6)
5 m - m S = 4 .
;lelr;lerrl p(f) = &TTmmp (/)] 7t \/ - s,

This proves the theorem. O

I'es) <

Lemma 4.3. Let X C R? and let F be the class of linear classifiers of Section 2. Under Assumptions 1 and 2,
the induced oracle-loss class H of Theorem 4.2 has VC dimension d < 11(d + 1) = O(d).

Proof. Write 6 = (w,b) and n(x) = g(w*Tx), where w* € R is the single index parameter of Assumption 1; since
w*, n and g are fixed, they enter only as coefficients. Let g~ (u) := inf{t € R : g(t) > u} denote the generalized
inverse of the single-index link function. Partition the parameter set into the regions ©; = {0 : j* = j}, j € [d],
where j* is the minimal maximizer of w;/a;. These are disjoint by the tie-breaking rule and do not depend on
the input. Under Assumption 2, on the move branch, w;« > 0 (Section 3).

Fix j,0 € ©; and input (z,y,u). On ©;, S(w) = Bw;/a;, so by Theorem 3.3, f(z/) = 1{)\2(f) > 0} with
A2(0) = w'x — b+ Bw;j/a;. The agent moves iff \;(§) = b —w'z > 0 and X\y(f) > 0, in which case
of =z + %ej; otherwise z/ = z.

If n(x) = 1, then p/ () = 0 by the convention of Appendix I, so the event {u < p/(x)} reduces to {u < 0}, which
does not depend upon 6. Assume now that n(x) < 1. If the agent does not move, then zf = x and p/(z) = 0, and
the event again reduces to {u < 0}. If the agent moves, then w* ' zf > w* "2 because wy >0, so pf(z) € 0,1].
Since 1 — n(x) > 0 and g is non-decreasing and continuous (Assumption 1), u < pf(z) <= g(w* z/) >
u(l —n(x)) +n(z) <= k(z,u) < w*'zf, where k(z,u) = g (u(l = n(x) + n(x)). If k(z,u) = +oo (resp.
—0o0), this condition is false (resp. true) for every . Otherwise, substituting w* 'z = w* "z + wi (b — w'z)/w;
and multiplying by w; > 0, it is equivalent to A3(¢) > 0, with A3(0) = w} (b — w'z) —w;(k(z,u) —w* ' x).
Consequently, on ©;, both f(z/) and the oracle label 1{y = 1V u < p/(x)}, and hence hy(x,y,u) are fixed
Boolean functions of the signs of A1(6), A2(0), A3(6) and of the input-only quantities y and 1{u < 0}. Each J; is
affine in # € R4*!, with coefficients depending only on (,u). Lemma D.3, applied with D =d + 1, K = d and
s =3, gives VC(H) < 11(d + 1). O



Shrivastava, Akshintala, Reddy, Manwani, Gujar, Ghalme

E GENERALIZATION BOUNDS FOR STRAT-IMP-AWARE

In this section we prove Theorem 5.3 for the plug-in version of STRAT-IMP-AWARE, in which the unknown
class-probability function 7 is replaced by a plug-in estimator 7: each agent’s improvement probability Trmp under
the deployed model is computed from 7 by Algorithm 2, and the loss of Algorithm 3 is minimized. Throughout,
let 7 == sup,c 4 [|z]l2 < 00, prmp = 7 + B/ minjerg aj, €, = sup,c 4 [1(2) — n(2)], and Wy p = {(w,b) : w €
R, lwll2 < k,|b] < B}; for (w,b) € Wy, p define S(w) == fmax;ejq w;/aj, Myp(z) =w'z —b+ S(w), and
Ci,B = kpmmp + B. We take the radius over the feasible report set A rather than over Xp so that the same
constant serves the estimation analysis of Appendix F, where 7 and n are compared at reported points; since
Xy C A, it follows that | M, »(x)| < |wTz| + |b] + S(w) < Cy g for every x € Xy. Here ¢, is treated as a given
tolerance; a bound of order O(m~'/2) in the pre-deployment sample size m is established in Appendix F.

Improvement probability. For z € Xj, let z/ denote the selected best response to fw,ps t-e., the maximizer
of Bl(w'z > b) — Y aj(z; — x;)+ over z € A selected by the canonical tie-breaking rule of Theorem 3.3:

J
of =z + b:;:j"’”ej* with j* = min arg max;e(q w; /o if 0 < b—w'2 < S(w), and 2/ = x otherwise. Algorithm 2

computes the improvement probability

i(=7) —i(x) )
max {1 —7)(z), 65}/’

the guard ¢4 > 0 prevents division by a vanishing denominator; we take d, < 1 —sup,c 4 7)(z), which is always
possible since 7(z) = g(@w'2) < g(rB,) < 1 on A (see Appendix F.1 for details). Under this choice the guard is
never active, so it is a safeguard for finite-precision arithmetic rather than an analytical assumption. Algorithm 3
combines Trmp, with the agent’s observed pre-manipulation label y into

Timp (73w, b) = clampyg y) (

qw,b(xvy) =Y + (1 - y)%lmp(x; w, b) S [07 1]7

the probability that the post-response label is positive. Equivalently, gy »(z,y) = P(ymp = 1 | z,y) for the
improvement-aware label yimp = 1({y = 1} V {t < Timp(z;w, b)}) with u ~ Unif]0, 1] independent of (x,y). This
construction enforces P(yip, = 1 | y = 1,z) = 1 exactly and assigns P(ymmp = 1 | y = 0,2) = Timp(z; w, d),
mirroring the improvement model of Appendix I, in which the true post-response label satisfies P(yf =1 |y =
Lz)=1and P(y/ = 1|y =0,2) = p/ (x) with p/(z) = (n(x/) — n(z))/(1 = n(z)). The label Yy, serves only the
analysis; the algorithm never samples it. Since y | z ~ Bernoulli(n(x)),

Elqup(z,y) | 2] = qup(x) = n(2) + (1 = 0(2))Tmp (z; w, ),

the estimator thus entering only through the conditional improvement probability for agents with y = 0.
Lemma E.1 shows that gy, () deviates from the target n(z7) by at most 2e,,.

Plug-in strategic improvement loss. Writing z := (z,y), we define the conditional loss and the per-point
loss of Algorithm 3, a hinge surrogate of the improvement-aware error,

00 (@) = Gup(@) (1 = Myup(2) 4 + (1= Gup(@) (1 + My p(2))+,
luwp(2) = qup(, y) (1 — My p(®))+ + (1 — qup(@,y)) (1 + My p(2))+,

together with the empirical plug-in strategic improvement loss

o~ 1 &
Lginge(wab) = qu},b(zi),
i=1

where z; = (x;,y;) are i.id. with z; ~ D and y; | ®; ~ Bernoulli(n(z;)). Since £y, (%) is affine in g, 5(x,y)
and Elqus(z,y) | 2] = Gus(x), we have E[lyp(2) | 2] = £, ,(x), so Li,.
Lginge(w, b) :=E,p [(grb(x)]. In addition, £, ;(z) is the expectation over u of the hinge loss evaluated at the
label yimp, so weighting by g, rather than sampling yimp removes the sampling noise in u without changing

the population risk. Moreover, g, (x,y) € [0,1] makes £, () a convex combination of the two hinges, so

0<lyp(z) <14 |Myp(x)] <1+ Cy p. Two features of this construction are used below: Eginge is the objective

(w,b) is an unbiased estimate of
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minimized by STRAT-IMP-AWARE and is computable, whereas £Z , involves the unknown 7 and is not; since
Lginge involves no auxiliary randomization, it is a deterministic function of (w, b) given the sample, as the uniform
convergence argument requires.

Lemma E.1 (Induced label deviation). Let (w,b) € Wy g and © € Xy. Then
|G (2) = n(ah)] < 2¢,

Proof. By the choice of d,, the denominator of Tymp(z;w,bd) equals 1 — 7j(x). We can write Timp(z;w,b) =
clampy 1;(7) with 7 = (n(x?) — 7(z))/(1 — j(z)); under Assumption F.1, fj(z) < 7(2zf) < 1, so @ € [0,1]
and the clamp is inactive. Decomposing over the observed label, the improvement model of Appendix I gives
n(z?) = n(x) + (1 — n(x))p! (r) with true improvement probability p/(z) = (n(zf) — n(z))/(1 — n(x)) € [0,1];
thus Tpmp is the plug-in estimate of p/(z). Using Gu »(x) = n(z) + (1 — n(z))7 and (1 — 7(z))7 = 7(zf) — (),

Gu (@) = n(z’) = (@) + (1 = 7(@))7 —n(a!) = (@{(z) - n(2))(1 - 7)
)

= [i(a”) = n(a’)] — [(z) = n(x)](1 - 7).

Both z and 2/ lie in A, so each bracketed term is at most e, in absolute value, and |1 — 7| < 1. The triangle
inequality gives the claim. O

Lemma 5.2. Let d := Pdim(II} g) + Pdim(My, g), where Pdim denotes pseudo-dimension Anthony and Bartlett
(2009) and Iy, g, My, B be the classes of maps & — Timp(z;w,b) and x — My, p(x) over Wy, g. Then d < 12(d+1),
and the loss class of Algorithm 3 over Wy g has the covering numbers of a class of pseudo-dimension 0, up to
absolute constants.

Proof. Let Gy g = {lwp : (w,b) € Wy B}, regarded as a class of real-valued functions on Z = A, x {0, 1}.
Condition on the estimation sample S,. Since 7 is estimated independently of the training sample, Gy p is then a
fixed class of measurable functions on Z, and the points z1,..., 2, remain i.i.d. Furthermore, each ¢, ;(z;) is a
deterministic function of (w,b), since the loss involves no auxiliary randomization. All bounds below hold for
every realization of 77 and therefore unconditionally. Write R := 1+ Cj,_p so that 0 < g < R for every g € Gi. g by
the setup.

Pseudo-dimension. By definition (Anthony and Bartlett, 2009), the pseudo-dimension of a class F of real-valued
functions is the VC-dimension of {(x,7) — sgn(f(x) — 7) : f € F}, with the threshold 7 € R part of the input.
For My, g: since S(w) does not depend on x, M, (7)) = w'x — (b — S(w)), so My p is contained in the
(d + 1)-dimensional vector space of affine functions on R, whose pseudo-dimension is d + 1 using Theorem 11.4
from Anthony and Bartlett (2009). Hence Pdim(My, 5) < d + 1.

For I1;, : Under decomposable costs the selected best response is 2/ = x + Aej, where j* € argmax;e(q w; /o
with the stated tie-break and A = (b —w'x)/w;«, when the agent moves and 2/ = z otherwise. The division
is well defined as the move branch requires w'z < b and M, ;(z) > 0, which are incompatible at w = 0 since
Mop(z) = —b, and w # 0 with w € R%, gives max;c(qw;/a; > 0, hence w;« > 0. Partition Wy, p into the
regions C; = {(w,b) € Wi.g : j* = j}, j € [d]; by the tie-breaking rule these are disjoint and defined by linear
inequalities in w that do not involve the input. As g is non-decreasing and continuous (Assumption 1), and both
the guard and the clamp are inactive (proof of Lemma E.1), the test T, > 7 is equivalent to

K(va) < {U\T'va K<x’7—) = g_l(T(l - ﬁ(l‘)) + ﬁ(l‘)),

where ¢~1(v) == inf{s : g(s) > v}; conditioning on S, fixes fj and @, so x(z,7) and @'z are functions of
the input alone. Fix j and 6§ = (w,b) € C;. The agent moves iff (1(8) == b—w'z > 0 and (»(0) =
Bwj/a; —b+w'z > 0, in which case @' 2/ = @'z + ©;(b — w'z)/w; and, multiplying by w; > 0, the test
becomes £3(0) == @;(b—w' ) —w;(k(z,7) =@ ) > 0; if K(z,7) = 00 (resp. —00), the test fails (resp. holds) for
every 0, and we set {3 := —1 (resp. {3 :=1). Otherwise z/ = 2 and the test reduces to 7 < 0. Each ¢; is affine in
6§ € R4 with coefficients depending only on (x, 7), so on C; the test is a fixed Boolean function of the signs of three
affine functions of #. Lemma D.3, applied with D = d+1, K = d and s = 3, therefore gives Pdim(II ) < 11(d+1),
and together with Pdim(My, g) < d+ 1, yields 9 = Pdim(Il; g) + Pdim(My, ) < 12(d + 1) = O(d).
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Covering numbers. For a function f defined on Z, define the empirical norms

n 1/p
nﬂnﬁmy=<i§juuwp> o ope{Ly)
i=1

A function f defined on Xj is identified with a function on Z by setting f(z;) := f(z;), so that all norms below
are evaluated at the same sample points 21, ..., z,. All covering numbers are internal, i.e., cover elements belong
to the class being covered, and all logarithms are natural. Write 8 = (w,b), Ty = Tmp(;w, ), My = My,
49 = qu,p and lg = £, and abbreviate || - ||1,(p,) by || - [|n. We bound N (e, Gy B, L2(Py)) for 0 < € < R below
in three steps.

1. Lipschitz decomposition: Let 9 (g,m) = ¢(1 —m)+ + (1 — ¢)(1 + m)+ so that lp(2) = ¥(ge(x,y), Mp(x))
with gg(z,y) = y + (1 — y)7e(x). Since |(1 —m)4+ — (1 +m)4| < 2|m| for all m € R, the map g — (g, m) is
2R-Lipschitz as |m| < C g < R. Moreover, for every ¢ € [0,1] the map m — (g, m) is 1-Lipschitz, being the
sum of a ¢-Lipschitz and a (1 — ¢)-Lipschitz function. Fix 0,6 € Wy, g and apply the triangle inequality

W’(%m) - qu(q,vm/” < W}((Lm) - ’l/)(ql7m)| + W}(q,vm) - ¢(q/vm/)|

with (¢,m) = (go(x,y), Mg(x)) and (¢',m') = (g (x,y), My (x)); the first term uses |My(x)| < Ci p and the
second wses go(z,y) € [0, 1]. Together with g5z, y) — g9 (2, 3)] = (1 — )|Fo(x) — Fyr(x)] < [Ro(z) — For ()], this
gives, pointwise, |lg(z) — Lo (2)| < 2R|Tg(x) — 7o (z)| + |My(x) — Mg/ ()| and Minkowski’s inequality yields

1o — Cor||n < 2R||Tg — Tor ||n + || Mo — Mo || (5)

2. Product cover: Take minimal covers {7, }\" of II; p at scale €/(8R) and {j;} " of My, p at scale €/4 in |- ||,
By the cover property, each § € Wy, g can be assigned to a pair (s, t) with |7 —7T5||n < €/(8R), || Mo — pt]|n < €/4.

For each occupied pair, select one representative 05, € Wy p assigned to it. If § is assigned to (s, t), the triangle
inequality gives

I < =,
4R

7o — 7o, Mln < ITo — sl + |75 — To,, Mg — M, ,|ln < [|[Mg — pitlln + [|pe — Mo, ,

In < <,
2

and hence, by (5), [[lo — 4o, ,|ln < 2Re/(4R) + €/2 = €. Thus the representative losses {{y, ,} form an internal
e-cover of Gy p with at most N;j N elements, since there are at most NiyNaq occupied index pairs (s,t), proving

N (e, Gk, B, La(Py)) <N< g B, La(Py ))N(ika,Ble(Pn)) (6)

3. Bounding the components: Let F be a class of functions taking values in the interval of length A > 0, with
pseudo-dimension dx. Rescaling F to [0, 1] leaves its pseudo-dimension unchanged and scales distances by 1/A4, so
applying Theorem 18.4 of Anthony and Bartlett (2009) which bounds the u-packing number and hence the internal
u-covering number (a maximal u-packing is an internal u-cover), gives N (u, F, L1(P,)) < e(dr + 1)(22)d7,
where 0 < u < A. Since |f — g| < A pointwise for f,g € F, we have || f — g||2 < A||f — gllz,(p,), s0 an internal
(62/A)-cover in Li(P,) is an internal d-cover in Lo(P,). Consequently, for 0 < § < A,

A@)

. (7)

log N'(6, F, Lo(Py,)) < log(e(dr + 1)) + 2d 5 log (
Apply (7) to II; p which takes values in [0,1], with (4,d) = (1,€¢/(8R)), and to M, g, which takes values in
[—Ck.B,Ck,B] C [-R,R], with (A4,d) = (2R, ¢/4); both choices satisfy 6 < A since ¢ < R, and in both cases
the argument of the logarithm equals 8 Rv/2e/e. Writing di := Pdim(I1; 5) and du := Pdim(Mjy, ), so that
0 = dpy + da, taking logarithms in (6) and using drr, dyg < 0 in the constant terms gives

SRv/2e )

log N'(€, Gk, B, L2(Pn)) < 2log(e(d + 1)) + 20log ( (8)

Thus d plays the role of a pseudo-dimension for Gy p: it controls the coefficient of log(1/¢) in its log-covering
number. O
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Lemma E.2 (Uniform convergence for plug-in strategic improvement loss). Let 1] be estimated independently
of the training sample, and let 0 be as in Lemma 5.2. Then, for every § € (0,1), with probability at least 1 — ¢,
uniformly over (w,b) € Wy B,

7 ~z 0 log(1/96)
Lginge(w7 b) S Lﬁinge(w’ b) + C(]' + Ck-,B)\/; + (1 + Ck7B) T

where ¢ > 0 is an absolute constant.

Proof. We work in the setting of the proof of Lemma 5.2: conditionally on S,, Gy, is a fixed class of measurable
functions on Z, the points z1,..., 2z, are i.i.d., and every g € Gy p satisfies 0 < g < R, with R =1+ Cj, p; all
bounds below hold for every realization of 7, and therefore unconditionally. By (8) in that proof, for 0 < ¢ < R,

8Rv/2e )

log N (€, Gk B, La(Py)) < 2log(e(d + 1)) + 20log ( .

Rademacher complexity. By Dudley’s entropy integral at « = 0 (Lemma A.3 of Srebro et al. (2010)), using
SUDgeg, 5 \/E[gz] < R for its upper limit,

R
if}\%n(gk,B) < Co/ \/10gN(€7gk’B7L2(Pn))de
0

n

for an absolute constant Cy > 0. Substituting log (e, G g, L2(P,,)) from (8), rescaling e = Rs, which cancels R

inside the logarithm, and using v/a + b < \/a + v/b twice together with fol Vl0og(1/s)ds = \/7/2,

/OR \/1og/\/(e, Gr.3, La(Py))de < R(«/Q log(e(@ + 1)) +v20 ( log(8v/2¢) + V;)) < 1RV,

where the last step uses log(e(d +1)) <140 <20 (as? > 1) and ¢; > 0 is an absolute constant. Hence, with
c:=2Cycy > 0, gives

1

Uniform convergence. Replacing one z; alters sup g, , (Elg(z)] — £ 2 i) 9(zi)) by at most R/n, so symmetriza-

tion together with McDiarmid’s inequality gives, with probability at least 1 — §, uniformly over g € Gy, B,

Elo(=)] < 3" 00 + 2u(Gn) + Ry
i=1

q
hinge
(w, b). Substituting R =1+ Cj g completes the proof. O

Applying this to g = £, ,: the empirical average is L (w,b) by definition, while unbiasedness and the tower

property give E. [0, 1(2)] = Ezup [6‘7 (2)] = Lginge

w,b
Theorem 5.3. Let (w0, 5) € Wi be the model returned by STRAT-IMP-AWARE. Under Assumptions 1 and 2, for
every 0 € (0,1), with probability at least 1 — ¢,
erTimp(f5) < Liinge(W,0) + c(1+ Crp)\/o/n

log(1/6
+ 1+ CkB) % +4C%, ey,

where 0 is as in Lemma 5.2 and ¢ > 0 is an absolute constant.
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Proof of Theorem 5.5. Recall Wy g = {(w,b) : w € R, |w|2 < k,|b] < B} and Ci p := kpimp + B. Fix
(w,b) € Wy, g, and let 2 € A be the selected best response of z € X to Jwp. Write S(w) := fmax;ciq w;/a;
and My, p(z) := w'x — b+ S(w). By the strategic-shift characterization under decomposable costs (Theorem 3.3),
the post-response prediction satisfies f,, p(zf) = 1{M,, () > 0}.

Under the improvement-aware model, the true post-response label satisfies P(y/ = 1 | z) = n(x/), so the conditional
improvement-aware 0/1 loss at x is E[1{ f, »(x/) # v/} | 2] = n(z)1{ My (z) < 0} + (1 —n(a))1{ M, () > 0}.
Since 1{M < 0} < (1 — M)y and 1{M > 0} < (1 + M), taking expectations over x ~ D gives,

errlmp(f’w,b) S Lﬂingc(w7 b) (9>
where L7

hinge(W;0) = Eznp (@)1 = My p(x))+ + (1 —n(z))(1 + Myp(2))+]. Recall the plug-in strategic
improvement risk

L e (0,) = B p[Gup (2) (1 = Mup(2)) 1+ (1= G (2)) (1 + Moy () +]

The two risks differ only in the weight attached to the two hinges, so

L77

hinge

(,8) = Lo (0,0)] < Banp [I0(5) = G (@) (1= Mang(@))5 = (1+ Myp(@))4]].

By Lemma E.1, [n(zf) — Gy p(2)| < 2e,. Moreover, |(1 —m)4 — (14 m)4| < 2|m| for all m € R. Finally, for all
T e XQ - ./4,
Bk

| My p(x)] < |wa| + 10|+ S(w) <kr+ B+ ——m
rnlnje[d] Oéj

= kplmp +B = CIC,B'
Hence
Ln

hinge

(w,b) < LI (w,b) + 4Cy pey. (10)

hinge

By Lemma 5.2 and Lemma E.2, with probability at least 1 — §, uniformly over (w,b) € Wi &,

(w,b) < Lo (w,b) + (1 + Ck,B)\/er (14 Cr.B) log(1/9) (11)

L .
2n

hinge

Combining (9), (10) and (11), with probability at least 1 — J, uniformly over (w,b) € Wy, p gives,

~c 0 log(1/6
eTTimp (fu,p) < Lipge(w,b) + (1 + C’kyB)\/;+ (14 Ck,B) % + 4C%, ey
Since STRAT-IMP-AWARE returns (w,b) € Wy g, and the above holds uniformly on Wj, 5, it applies to the
returned model irrespective of how it was selected; substituting (w,b) = (w,b) proves the theorem. O

Lemma E.3 (Gradient bound). Let auyin = minjepg o and 7) = g(w"-). Under Assumption F.1, for every
(w, b) with w € RL,\ {0} and every z = (z,y) with x € Xy, every (sub)gradient of Ly, (2), computed with j* and
the manipulation status held fived, satisfies |Vl p(2)|2 < Gw and |0l (2)| < Gy, where

Gopy B 2BLgByr 28Ly B,
aminég

Qmin amin(sg

s Gb =1+
If g is the logistic function, the factor Ly/d4 can be replaced by 1.

Proof. Write ly, ,(z) = ®(q, M) with ¢ = g p(z), M = M, p(x) and ®(q, M) =q(1 — M)+ + (1 —q)(1 + M),
so that VI = (00/OM)VM + (0£/0q)Vq. Every subgradient satisfies 9¢/0OM € [—q,1 — q], hence |0¢/¢M| < 1;
moreover V,M = x + s for a subgradient s of w — max; w;/a;, with ||s]|2 < 1/amin, and 9,M = —1. Since
||z < r, the first term contributes at most r + 8/amin to [|[Vy|2 and at most 1 to |9p¢|. The second term
vanishes unless y = 0, the agent manipulates, and the clamp is inactive, since otherwise ¢ is locally constant.
In that case 0 < M < S(w) = pwj«/a;+, so [00/dq| = |(1 — M); — (1 4+ M)4| < 2M < 2Bwjx/aj«. Further,

Vq = %Vmﬁ with waf* = —af /wj- and 8bxjf* = 1/wj+. From Assumption F.1, ¢’ < Ly, @« < By,
|zf)la < r (as 27 € A) and aj+ > umin, the factor w;« cancels, and the second term contributes at most
2BLyByr/(mindg) to ||Vul|2 and at most 268L 4B, /(mindy) to |Opf|. For the logistic link, ¢’ = ¢g(1 — g) and
under Assumption F.1, 7(xf) > 5(x) give ¢'(@ " 27) /(1 —7(z)) = n(=')(1 —7(zf))/(1 —7(x)) < 1, which replaces
Ly/d4 by 1. O
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F ORACLE-FREE ESTIMATION BOUNDS

Theorem 4.2 establishes a generalization guarantee under access to a true post-deployment label oracle. This
section removes that assumption. We replace the oracle with the labeling rule of Algorithm 2, which is built from
a class-probability estimator 7 learned entirely from pre-deployment data and quantify the resulting price. The
analysis proceeds via Theorem 5.3, which bounds erryy, in terms of deviation of the label process from n(-F); our
task is to show that this deviation is controlled by the pre-deployment estimator error, and to bound the latter.

Estimation sample and independence. Let estimation sample be

Sy =A{zi, yiHity, z; 2D, yi | ¢; ~ Bernoulli(n(z;)),
drawn independently of the classifier’s sample S,, = Dy, U Dyyq, with n := |S,,| and m = |S,|. The estimation
sample lies in Xy = supp(D) — the estimator 7] is fit only on pre-deployment data, and no post-deployment
or off-support label is used at any point. It is fit once and passed to Algorithm 3 as a frozen input, so it is
not co-adapted to the the classifier being learned. Independence of S, and S, is a hypothesis of Theorem 5.3,
discharged in the proof of Lemma E.2 by conditioning on S,,. It is used again below, when the theorem is invoked
for the random estimator 7: conditioning on S, freezes 7 into a deterministic function while, by independence, S,
remains i.i.d. from D; so the conclusion holds for every realization of S, and hence, on averaging, unconditionally.

The estimator. We take 7j(z) = g(@ ) with @ € arg min,eyy L, (w), the empirical cross-entropy risk on Sy
Writing ¢t .= w "z,
U(w; (z,y)) = —ylogg(w'z) — (1 - y)log(1 — g(wz)) = ¢y (t)

where 1 (t) = —log g(t) and ¢o(t) = —log(1 — g(t)). Since the loss depends on w only through the scalar w 'z,

the chain rule gives V,0(w; (z,y)) = %(w—rac)x, with

and

v 9" (dON L g1 g \°
P10 =="0 +<g<t>> » #olt) = 1—g<t>+<1—g(t>> |

We write the population risk and the empirical risk for estimating 1 as L(w) = E(, . [¢(w; (x,))] and Lyn(w) =
LS (w; (24, 15)), set Ay (w) = VL (w) — VL(w), and @ := SUPyew, [[An(w)]2. Recall from Appendix E
that the classification-stage guarantee depends upon 7 only through €, = sup,c 4 |7(2) — n(2)|, and not on the
loss used to obtain it; cross entropy is therefore one sufficient choice, and any independently estimated 7 with

ey = O(m~1/2) yields the same conclusion.

On-support estimation and off-support evaluation. Two regions appear in the analysis and are not
interchangeable. All the estimation lemmas below are statements about D alone: the sample S, the risks L and
Em, and the strong-convexity constant o are determined by the law of = ~ D, hence depend on 7 only through its
values on Xj. Extrapolation to reported points enters at a single step, the final Lipschitz bound in the proof of
Theorem F.6, which converts the on-support parameter error || — w*||2 into a bound on &,, over A, at the cost of
a factor L,r with r the radius of the report set rather than of X,. Two ingredients license this step. Assumption 1
posits the single-index form on all of X', hence on A, so 7] and 7 share the same link g and differ off support
only through the parameter @ — w*; and condition F.1(5) — strong convexity of the population cross-entropy
risk, i.e. no direction of feature variation is unobserved under D — makes the parameter identifiable from D
(Section F.4). Accuracy at reported points is therefore a consequence of pre-deployment estimation rather than a
separate hypothesis.

F.1 Assumptions

Throughout, Xy := supp(D) and A denotes the feasible report set, so that Xy C A C X.
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Assumption F.1 (Estimation regularity). In addition to Assumption 1:

1. (Bounded reports.) 1 = sup,¢ 4 ||2]]2 < oc.

2. (Smooth link.) g is twice differentiable on Z = [—rB,,rB,], with ¢'(t) < Ly < oo and |¢"(t)| < Ly < oo for
allt e 7.

3. (Bounded probabilities.) There is 7 € (0,1/2) such that 7 < g(w'2) <1 — 7 for all z € A and w € W,,.
4. (Parameter set.) W, = {w € R%O Slwl|le < By}, and Jw*|| < By,

5. (Population strong convexity.) Population cross-entropy risk L is a-strongly convex on W,.

Conditions 1 — 4 are boundedness conditions yielding explicit constants; condition 5 is the identifiability condition
(Section F.4), subsumes strict monotonicity of g on the observed range. We note that X itself need not be bounded:
every point at which #, 7, or the loss is evaluated lies in A4, and Xy C A gives ||z;|| < r for the estimation sample
automatically. Consequently, for all w € W, and z € A, |w'z| < ||wl|2||z||2 < rB,, so conditions 2 and 3 are
required only on the interval Z and the set A respectively.

Condition 4 constrains the estimator’s parameter set, which is distinct from the classifier’s Wy g: B, must
be large enough to contain true single-index parameter w*, whereas k is the capacity-control parameter for
the classifier. The sign constraint mirrors Assumption 1 and ensures that 7] is non-decreasing along the best
response direction, as used in Lemma E.1. Condition 3 supplies the remaining hypothesis of that lemma: since
M(z) = g(@"z) <1 -7 for every z € A, any choice §, < 7 leaves the guard in T, inactive. Define

Ly  (Ly\°
Ay ="2 Ay =L 4 (g) . M = Ayr, H = Axr®.
T T T

F.2 Estimation lemmas

The argument proceeds in four stages. Lemmas F.1 and F.2 bound the complexity of the gradient class of the
cross-entropy loss; Lemma F.3 converts this into a uniform deviation bound between empirical and population
gradients; Lemmas F.4 and F.5 convert that into a bound on the parameter error ||@ — w*||. Theorem F.6
combines them with Theorem 5.3.

Lemma F.1 (Derivative bounds.). Under Assumption F.1 (1)-(3), for ally € {0,1} and t € Z:

(a) lpy ()] < Ars (D) |9 (1)] < Ao
Consequently, for all wi,ws € Wy, z € A:

(©) Vawl(w; (z,9)ll2 < M (d) [[Vwb(wi;(2,9) = Vwl(ws; (2, 9))[l2 < Hljwr — well2.

Proof. By F.1, t =w' 2z € T whenever z € A and w € W,), so conditions (2) and (3) apply.
(a) The two derivative formulas have the same shape and both denominators are at least 7 using condition (3):

(t L "(t L
7O Lo o= 20 < Lo

1 (8)] = S

(b) Applying |¢"| < Ly, " < L, and min{g, 1 — g} > 7 to the two second-derivative formulas gives |¢y ()| <
Ly /7T + L2 /7 = Aj for both y.

(¢) We know ||V, €(w; (z,9))ll2 = ey, (t)[l|z]l2 < A1r = M, by (a) and condition (1).

(d) Write t; = w;' z € Z. By (b) and the mean value theorem, ¢}, is Ay-Lipschitz on Z, so by Cauchy-Schwarz and
condition (1), (

I, (t1)z — @, (t2)zll2 = |y, (t1) — @, (t2)] l|2]l2 < Aslts — ta|r < Aor? |lwy — wall2
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Lemma F.2 (Rademacher complexity of the gradient class). Let e1,..., €y be i.i.d. Rademacher variables and
(zt,y:) € A x {0,1},t € [m], be arbitrary deterministic points. Under conditions (1)-(4) of Assumption F.1

m

Zetvwﬁ(w; (26, 9t))

t=1

< 2(HB, + M)y/m.
2

Ry, (Ve W,) =Ec sup
weW,

Proof. Write £(w; (z,y)) = Gi(Fi(w)) with Gy = ¢,, and Fy(w) = (w,z:), so that V,l(w;(z,y)) =
G ((w, 2¢)) 2. From Assumption F.1, Fy(w) € Z for every w € W, so Lemma F.1 applies throughout.

Chain rule. By Lemma F.1(a), sup,c7 |Gi(s)| < A1 = Lg, ||VF(w)|2 = ||z||2 < r = Lp, both uniformly in ¢
and w. Applying the chain rule for normed Rademacher complexity using Theorem 1 of Foster et al. (2018) with
K =1, and noting that VF;(w) = z; does not depend on w,

m

E €tz

t=1

E)A%Mz < 2rE. sup Zetgogh((w, 2)) + 241 E,
weWn 1 4

2

Scalar contraction. By Lemma F.1, each 90;;1, is Ao-Lipschitz on Z. The Ledoux-Talagrand contraction inequality
(Mohri and Medina (2014), Lemma 8) applied for a fixed sample to the real-valued class {z — (w, z) : w € W, },
together with sup,,cyy, (w,v) < Byl|vlla, gives

m

E €t2t

t=1

m m
E. sup Zetcp;h«w,zt» < AsE,. sup <w,26tzt> < Ay;B,E.
weW, =1 weWy, =1

2

Rademacher average of the data. By Jensen’s inequality, the expected norm of the Rademacher sum is at
most the square root of its expected square norm. Expanding the squared norm and using independence with
E[ese;] = 1{s = t} eliminate all cross terms. Since €? = 1,

m

E €t2t
t=1

E.

2

m
<\ D lzlB < rv/m.
t=1

Combining the above bound yields,
Ry, < 2r - Ao Byry/m + 2A10y/m = 2(Aer? B, + Avr)y/m = 2(H B, + M)y/m.
O

Lemma F.3 (Uniform gradient deviation.). Under Assumption F.1 (1)-(4), for any §' € (0,1), with probability
at least 1 — &' over Sy,
4(HB M 2log(1/6’
N m

Proof. Since z; € Xy C A, Lemma F.1 applies at every sample point. In particular w — A, (w) is continuous on
W, by Lemma F.1 (d), so the supremum defining ® can be restricted to a countable dense subset; hence ® is
measurable.

Concentration about the mean. Fix ¢ € [m] and replace (x;,y;) by arbitrary (z},y;) € A x {0,1}, writing Agf) for
the resulting deviation. The population term cancels, so for every w € W,,, by Lemma F.1 (c),

2M

i 1
120 0) = AP = [ Vol (22,0)) — Vs (g, <
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Since | sup,, a(w) —sup,, b(w)| < sup,, |a(w) — b(w)]| for bounded a, b, together with the reverse triangle inequality,
® has bounded differences ¢; = 2M/m. McDiarmid’s inequality with Y, ¢? = 4M?/m gives P(® — E[®] > s) <
exp(—ms?/2M?), whence

2log(1/4")

o < E[Q] + M
m

with probability at least 1 — ¢’ (12)

Symmetrization. Let (x},1.)i<m be an independent copy of the sample. Since VL(w) = E[-L 3.V, 0(w; (2}, y}))],
convexity of the norm and Jensen’s inequality give

m

Bfo] < & sup |3 ( Vil (1,00) - Vutlws (20 )

wew, || i—1

2

For any fixed € € {£1}™, exchanging (z;,y;) with (z},y}) on {i : ¢, = —1} leaves the joint law unchanged and
flips the corresponding differences, so the expectation is unchanged upon inserting the signs ¢;; averaging over
Rademacher € and applying the triangle inequality yields two terms equal in law, giving

HMS%E%MWOWJ

Since Lemma F.2 holds for arbitrary deterministic points in A x {0, 1}, its bound remains valid under the outer

expectation:
4(HB, + M)

Jm

Substituting inequality 13 into 12 completes the proof. O

E[®] < (13)

Lemma F.4 (Fischer Consistency). Under Assumption 1 and F.1 (1)-(3) conditions, VL(w*) = 0.

Proof. From the setup,

g'(w z)(gw'z) —y)
L(w; =
Vet ) = T (1 g
Under Assumption 1, E[y | 2] = n(z) = g(w* " z), so at w = w* the factor g(w — E[y | «] vanishes and
E[Vl(w*; (x,y))|x] = 0. The integrand is bounded by M (Lemma F.1 (c)), so the tower property gives
VL(w*)=0. O

*T,I)

Lemma F.5 (Parameter estimation.). Let @ € argmin L,,(w), which exists since Wi, is compact and £ is
weW,
continuous in w. Under Assumption F.1 (4)-(5) and VL(w*) = 0, deterministically,

o

@ —w| < —
CY

Proof. The set W, is convex, being the intersection of a Euclidean ball with the non- negative orthant, and w

minimizes the differential function L., over it; hence w satisfies the variational inequality <VL (w),w—w) >0
for all w € W), for all w € W,. Taking w = w*, which is feasible by Assumption 1 and condition (4),

(VL (@), — w*) < 0. (14)

This requires no convexity of Em: any global minimizer over a convex set satisfies above bound.
a-strong convexity of L on W, is equivalent to strong monotonicity of VL, which with VL(w*) = 0 gives

al|@ — w*||3 < (VL(D), @ — w*). (15)
Decomposing the right-hand side of 15 and applying Cauchy-Schwartz to the first term and 14 to the second,
(VL(0),w — w*) = (—Ay(0), W —w*) + <vEm(@), W —w*) < P||w — w*|s.

Dividing by ||@ — w*||2 when @ # w*, the claim being trivial otherwise. O
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F.3 Main result

Theorem F.6 (Oracle-free guarantee). Suppose the assumptions of Theorem 5.3 hold, and let Assumption F.1
hold. Let 7j(x) = g(0 ' z) with @ € arg ming ey, Em(w) on the estimation sample Sy, drawn independently of the
classifier’s sample Sy, and let w,b be the model returned by STRAT-IMP-AWARE. Then, for every § € (0,1), with
probability at least 1 — 0,

21og(2/0) n 4Ck’BLgTAm
n o

s 2
ePimp (f5.5) < Liinge(W50) + (1 + Ck,B)\/; + (1+ Cy,) (6/2),

where N, (6/2) = 4(1{57\/’7%]”) + M\/@,

Proof. Let E; denote the event on which the conclusion of Theorem 5.3 holds at level §/2, and Fy the event of
Lemma F.3 with §' = §/2.

Bounding P(EY). Theorem 5.3 is a statement about a fixed estimator, whereas 7) depends upon S;,. Conditioning
on S, renders 7], and hence ¢,, deterministic, while by independence S,, remains i.i.d. from D; the theorem
therefore applies for every realization of S, giving P(EY{ | S,) < §/2 pointwise, and hence P(E]) < 6/2 by the
law of total probability. On FE1,

21log(2/0)

s )
errlmp(fqb,l;) S th'llinge(w7 b) + C(l + CI%B)\/; + (1 + Ck,B) + 4Ck7B5n7 (16)

the confidence term arising from Theorem 5.3 at level §/2.

Bounding €, on E,. By Lemma F.3, ® < A,,,(6/2); by Lemmas F.4 and F.5, ||w — w*|| < A,,,(6/2)/a. For any
z € A, Assumption 1 gives n(z) = g(w* ' z) and 7(z) = g(@© " z) by construction; both arguments lie in Z by
Assumption F.1, so g is L4-Lipschitz there, and by Cauchy-Schwartz with ||z|ls < r,

7(z) = n(2)] = |9(@ " 2) = g(w* " 2)| < Ly|(@ — w*) 2| < Lyr||@ — w"|lo.

Taking the supremum over z € A gives
L
£y < A (3/2) (17)
Combining the bounds. By union bound, P(E{ U ES) < §/2+ §/2 = 4§, so E1 N E5 holds with probability at least
1 — 6. Substituting 17 into 16 proves the theorem. O

Remark F.7 (Rate). Treating r, B,, Ly, Ly, 7! and a~! as constants, fixing &, we have A, (5/2) = O(m~1/2).
Thus, the additional error due to oracle-free estimation is O(m~'/2), and the overall rate is O(y/2/n +m~1/2),
where ? = O(d). In particular, m 2> n, the estimation term is bounded by a constant multiple of the classifier term,
yielding an overall rate of O(,/0/n). Hence, oracle-free estimation preserves the asymptotic rate of oracle-based
bound.

F.4 Condition 5 as an identifiability condition

Under Assumption 1, n(z) = g(w* ' z), so evaluating the Hessian of L at w = w* gives

9/(W*T$)2 T
g(w ") (1 — g(w*Tx)) ’

V2L(w*) = Epop

a product of a factor measuring whether 7 responds to feature variation and one measuring whether the features
vary at all. Condition 5 asserts that this g’-weighted design is non-degenerate, and therefore excludes both ways
in which w* can fail to be identified from D: if there is a vector a # 0 with 'z = 0 and 2 ~ D-a.s., then
g((w* + Xa)Tx) = n(x) for every A € R and every x € Xy, so w* and w* + Aa are observationally indistinguishable
at any sample size; and if ¢’ = 0 on a region of the observed range, the corresponding points contribute nothing
to the Hessian. Quantitatively, since ¢’ < Ly and g(1 —g) > 7(1 —7) on Z,

V= )\min(]EwND[xxT]) > M

> >0,
LS
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that is, supp(D) spans R?. Conversely, if v > 0 and ¢/(t) > ¢ > 0 on Z, then V2L(w*) = 4c?vI, using
g(1 —g) < 1/4; a lower bound on ¢’ is thus sufficient for condition 5 at w* but is not assumed, being implied
on the observed range by the condition 5 itself. The same two quantities govern the regularity conditions used
throughout the generalized-linear-model literature in Foster et al. (2018). Crucially, the identifiability content of
condition 5 is verifiable on the pre-deployment sample: + is estimated by the Ay, of the empirical second-moment
matrix = > @,z ; values for each dataset are reported in Section H.

F.5 Sufficient conditions for condition 5

Condition 5 imposes an additional restriction beyond Assumption 1 : for a general non-decreasing link, the
cross-entropy risk need not be convex in w. We give two sufficient conditions with explicit strong-convexity
constants. Write ¢t := w 'z and suppress the arguments of g,7 and ¢y where no ambiguity arises. Since
Eyoley] = nef + (1 —n)eg and V2L(w) = Eynp[Eyjo[e)]zz "], it suffices to obtain a uniform lower bound on
the conditional expected curvature. Let ¢ > 0 satisfy ¢’ > ¢ on Z, and suppose 7 = Amin(Ezup[zzT]) > 0;
Section F.4 shows this is also necessary for Condition 5.

log-concave link. Suppose g and 1 — g are log-concave on Z, equivalently ¢f > 0 and ¢ > 0, as for the logistic
and probit links. Weighting the two second derivatives by g and 1 — g cancels ¢’ terms, giving

g+ (1= gt = L 5 e
gl-g T

where the inequality uses g(1 — g) < 1/4. Non-negativity of the second derivatives then gives ;) + ¢fj > 4c?.
Since 7(z) = g(w* 'z) € [r,1 — 7] by conditions 3 and 4, we obtain Ey2l@y] > 7(0) 4+ ¢f) > 47¢?, uniformly over
w € W, and z € X,. Thus condition 5 holds with o = 47¢?y; the factor 7 is the price of a bound uniform in w
rather than one at w* alone, where 7 = g and the constant improves to 4c?y (Section F.4). Strict log-concavity is
unnecessary: since g + (1 — g)py = (¢')*/[g(1 — g)] > 0 when ¢’ > 0, the two second derivatives cannot vanish
simultaneously.

For the special case of logistic link g = o, where o(t) = (1 + e~?)71, the identity o/ = (1 — o) gives sharper
constants. Specifically, ¢} (t) = o(t) —y and ¢} = ¢§ = o', s0 V2 0(w; (z,y)) = o'(w'x) xz T, independently of
the label. Since |w'xz| < rB,, we may take o = o’(rB,)7y. Moreover ly| < 1 and |py| < 1/4, so the conclusions
of Lemma F.1 hold with A; and As replaced by 1 and 1/4 respectively, with no dependence upon 7. This is the
case that applies to our experiments.

Dominated curvature. The second sufficient condition follows by directly controlling the contribution of ¢”. We

have
mo__ (.1 U 1_77 nw 99— ? Lg’(1_27_)
Ealel) =0 G g o G 2 T i

Indeed, n(z),g(t) € [1,1 — 7] imply |g —n| <1 — 27 and g(1 — g) > 7(1 — 7); the expression in brackets is a
convex combination of 1/¢g? and 1/(1 — g)?, each at least (1 — 7)~2; and the bound then follows from ¢’ > ¢ and
|g”| < Lg. It is positive whenever ¢ > L, (1 —27)(1 — 7)/7, in which case condition 5 holds with « equal to the
displayed lower bound times 7. This condition also accommodates links that are not log-concave, provided their
second derivatives are sufficiently small relative to the lower bound on ¢'.

In both cases, the resulting « is proportional to 7, consistent with Section F.4.

F.6 Scope of the pre-deployment data

Assumption 1 posits the single-index form on all of X', hence on A, and this premise is not testable from
pre-deployment data; we do not claim otherwise. The analysis shows that no additional untestable assumption
about off-support extrapolation is required. Conditional on Assumption 1 , the estimator and the target share
the same link g and differ off support only through the parameter @w — w*, so the accuracy of 7] at reported points
is controlled entirely by || — w*||]2 — a quantity estimated from S, C Xy (Lemmas F.3 and F.5) and governed
by condition 5, whose identifiability content is itself verifiable on the pre-deployment sample (Section F.4). The
price of extrapolation is explicit and finite: the factor Lyr in Theorem F.6 , with r radius of the report set A
rather than X,. Direct validation of the label model would instead require observing post-response outcomes,
which the oracle-free setting posits are unavailable; the improvement rates reported in Section 6 therefore do not
constitute an independent test of Assumption 1.



Linear Strategic Classification with Endogenous Improvements

G PROXY FOR IMPROVEMENT-AWARE CLASSIFIER

Theorem 7.1. Under Assumptions 1 and 2, the feasibility and tie-breaking conditions from Section 3, the
strategic-optimal classifier f¥ and the Bayes-optimal classifier f* satisfy

errimp (fS) < errimp (7).

Proof. Let Z = w*" X. By Corollary 3.4, the strategic-optimal classifier is parallel to the Non-strategic Bayes
optimal classifier and has threshold by = b* + A where A := fmax;¢(g) Yi  Thus we have

(673
() = 1{w* "z > b*} and fr(z) = 1{w* "z > b* + A}.
Note that for any classifier of the form fy(z) = 1{w*"x > b}, an agent with score z = w*"x can reach the
acceptance region if and only if z + A > b. Under the feasibility condition over A and the canonical minimum-cost
positive best-response rule, an agent with original score z = w* "z either remains at z if z < b— A or z > b, and

otherwise moves to a minimum-cost accepted report in A with score exactly b. Therefore the improvement-aware
error of f, as

b—A

errimp(fo) = / 9(z)dPz(z)

—0o0

b
+ [ (gt aps(e)
+ /bOO(l —g(2)) dPz(z).
Let (I) == errimp(fo+) — erTimp(fox+a). Then,
0= ., () =) arstc)

+ ~/[b*,b*+A) (g(b* +A) - g(z)) dPz(z)

> /bb_A @ _ g(z)> APy (2).

By Assumption 1, g is continuous and non-decreasing and b* = inf{t : g(¢) > 1/2} is finite; hence g(b*) = 1/2.
Also, since g is non-decreasing, for every z < b*, we have g(z) < g(b*) = 1/2, and for every z € [b*,b* + A),
g(z) < g(b* + A). Hence both integrands are nonnegative, and therefore errim,(fF) < errmm,(f*). O

Remark G.1. Reducing the integral lower bound in the proof of Theorem 7.1 to an explicit closed-form scalar
rate would require a margin-type condition (Audibert and Tsybakov, 2007) governing how quickly g(z) moves
away from 1/2 near b*, together with a lower bound on the density Pz(z). We do not impose such conditions, as
Theorem 7.1 is designed to hold under Assumptions 1 and 2.

H EXPERIMENTS: SUPPLEMENTARY DETAILS

Tie-breaking. When several coordinates attain max;c(q w;/;, the agent is indifferent among them, both in
cost and in the classifier’s decision. Moving along the coordinate j at such a tie raises the qualification index by

* (b*wTI) _ pb—w'x
J wj o S(w)
decreasing order of wj /ay: the rule j* = min arg max;c(q w;/c; then selects, among the equally cost-effective
coordinates, the one yielding a largest improvement probability. In the plug-in algorithm, when w* is unknown,
we instead order features by ;/a;, where 7)(z) = g(@ ' z) is the estimate of 7, fitted on an independent sample,
and keep this ordering fixed throughout training and evaluation.

w

* . * _ * T . .
- wj /aj, an amount proportional to w}/aj, as n(z) = g(w* ), so we index features in
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Training. Because ¢ depends on (w, b), it is recomputed at every step and gradients propagate through it. For a
manipulating point, z¥ = z + %e]« (so that w "=/ = b), which gives 830;* /0b = 1/w;» and wajf-* = —zf Jw;
(note wj» > 0); the gradient of ¢ then follows by the chain rule through 7, which we therefore require to be
differentiable. The discrete components of Algorithm 2 (the coordinate j* and whether an agent manipulates) are
piecewise constant in (w, b) and are held fixed when differentiating, which gives the exact gradient on each region
where they are constant. With bounded inputs and bounded input derivatives of 77 on reachable responses, loss
gradients within these regions are bounded uniformly in (w,b) for fixed 3, &, d, > 0: the movement branch, the
bound [0¢/0q| < 2M (z) < 2Bw;«/a;» cancels the 1/w;« factor; elsewhere, ¢ = y locally. Across manipulation
edges the loss is continuous: as b —w 'z — 0%, 7 — x and ¢ is continuous, while b — w2 = S(w) the shifted
score M (z) = 0, where the two hinge terms in (3) coincide. Across the tie hyperplanes {w;/a; = wi/ay}, by
contrast, j* switches and manipulating agents move along a different coordinate, so ¢, and with it the loss, can
jump. This discontinuity is inherited from the agents’ best response, since an agent at a tie is indifferent between
coordinates that lead to different outcomes, and erryy;, itself jumps across the same hyperplanes; it is confined to
at most d(d — 1)/2 hyperplanes that do not depend on the data and the best-validation selection in Algorithm 1
guards against degradation from crossing them. Differentiating through ¢ distinguishes STRAT-IMP- AWARE from
stochastic methods for performative prediction (Mendler-Diinner et al., 2020), which hold the induced data fixed
within each update and target performatively stable points; we instead minimize the improvement-aware objective
itself, including its dependence on the labels the model induces. Each update is a projected (sub)gradient step onto
R‘io x R (only w is clipped, as required by Theorem 3.3). After each epoch, improvement probabilities for D,q;
are computed under the current model, and the model with the lowest validation loss is returned. Algorithms 2
and 3 are applied row-wise to a batch, and the per-point losses are averaged over the batch; this batch mean is
Lpaten, in training and the per-batch increment to L,,; in validation, so L, is the average batch loss over D,q;.
The operator () is applied entrywise in Algorithm 1.

All experiments are produced by a single configuration-driven pipeline. Every dataset-specific choice (label,
features, split, agent environment, and training hyperparameters) is stored in one YAML file per dataset
(configs/retiring_adult.yaml, configs/law_school.yaml, configs/heloc.yaml, configs/adult.yaml,
configs/synthetic.yaml); sweeps and comparison tables are configured in configs/sweeps/. All outputs
(splits, models, logs, tables) are written to outputs/<dataset>/. Throughout, “ACSIncome” refers to the dataset
configured as retiring_adult.

H.1 Experimental Setup and Environment

All experiments were executed on an isolated compute node running Ubuntu 20.04.6 LTS. The machine is
equipped with an Intel(R) Xeon(R) Silver 4210R CPU @ 2.40GHz and 256 GB of system RAM. The GPU
was not used: the code contains no CUDA or MPS device placement and all tensors reside on the CPU; there is
therefore no dedicated VRAM requirement.

Software. Python 3.11.15 with PyTorch 2.3.1 (CPU), scikit-learn 1.4.2, NumPy 1.26.4, pandas 2.2.3, SciPy
1.17.1, Matplotlib 3.10.9, PyYAML 6.0.3 and joblib 1.5.3. Our algorithm and the frozen logistic regression are
implemented in PyTorch in float64; the neural/linear baselines of Attias et al. (2025) and SERM (Levanon and
Rosenfeld, 2022) are trained in float32; the logistic regression and the linear SVM use scikit-learn.

Data partition (45/45/5/5). Each dataset is partitioned once, at random and without strat-
ification, into four disjoint subsets with fractions 0.45/0.45/0.05/0.05 (pipeline/data.py, function
random_split; driver stagel_split_and_profile.py). A single permutation of the row indices is
drawn with numpy.random.default_rng(42); the first three subsets receive [0.45n], [0.45n] and [0.05n]
rows and the last subset receives the remainder. The row indices of every subset are stored in
outputs/<dataset>/splits/split_indices.json together with the SHA-256 hash of the source file
(split_summary.json), and all later stages read these fixed subsets. The roles are:

e 1r_train (45%): fits the logistic regression 7 used as the differentiable estimate of Pr(y = 1 | z) in
Algorithm 2; it is never seen by any classifier under comparison.

e algo_train (45%): trains STRAT-IMP-AWARE and all baselines.
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e algo_val (5%): computes the validation loss used by Algorithm 1 for checkpoint selection, and is used for
environment selection and for selecting baseline hyperparameters.

e algo_test (5%): unseen test set on which all reported numbers are computed.

Dataset n 1r_train algo_train algo_val algo_test
ACSIncome 195,665 88,049 (0.408) 88,049 (0.412) 9,783 (0.411) 9,784 (0.412)
Law School 20,798 9,359 (0.891) 9,359 (0.889) 1,039 (0.868) 1,041 (0.909)
HELOC 9,682 4,356 (0.477) 4,356 (0.494) 484 (0.488) 486 (0.471)
Adult 48,842 21,978 (0.239) 21,978 (0.239) 2,442 (0.243) 2,444 (0.239)
Synthetic 20,000 9,000 (0.423) 9,000 (0.423) 1,000 (0.433) 1,000 (0.407)

Table 3: Subset sizes after preprocessing (from outputs/<dataset>/splits/split_summary.json). Pr(y=1) in
parentheses.

Validity of the modelling assumptions. The following assumptions of STRAT-IMP-AWARE were checked
empirically.

1. Monotone, non-negative linear structure (w € R ). For every dataset, features were oriented so that larger
values are favourable, and the fitted logistic regression has strictly positive coefficients on all selected features
(outputs/<dataset>/models/logistic_regression_meta.json). Standardized coefficients: ACSIncome
(AGEP, WKHP, SCHL) = (0.690, 0.945, 1.235); Law School (Isat, ugpa, zgpa) = (0.624,0.232,1.305); HELOC
(ExternalRiskEstimate, —NetFractionRevolvingBurden, —PercentTradesWBalance, PercentTradesNeverDelq)
= (0.807,0.231,0.124,0.199); Adult (age, hours-per-week, educational-num) = (0.651,0.545,0.892); Syn-
thetic (z1,...,25) = (1.496,1.200,0.880,0.610,0.257). Consequently 7] is increasing along every admissible
improvement direction, so the improvement probability of Algorithm 2 is non-negative before clipping.

2. Quality of the estimate 1. The logistic regression is calibrated on every split (mean predicted probability
within 0.03 of the empirical positive rate) with test AUC 0.834 (ACSIncome), 0.844 (Law School), 0.752
(HELOC), 0.799 (Adult) and 0.862 (Synthetic). Per-feature profiles of 77 against the empirical positive rate
are saved in outputs/<dataset>/plots/ (stage3_plot_lr_profiles.py). They reveal that the linear logit
over-predicts Pr(y=1) for age > 60 and hours worked > 60 on ACSIncome and Adult; all other profiles agree
with the empirical rates.

3. Ezactness of the improvement probabilities (synthetic data). On the synthetic dataset, the true n(z) =

o(w* Tz 4+ b*) is known. The fitted logistic regression recovers w* = (1.5,1.2,0.9,0.6,0.3), b* = —0.5
as (1.504,1.189,0.888,0.607,0.252), —0.508; on algo_test, mean|j — n| = 0.006, and for the agents
that move, mean|Timp — Mmp| = 0.0017 (maximum 0.0068, correlation 0.9998) (validate_true_eta.py,

outputs/synthetic/evaluation/true_eta_validation_algo_test.json). The expected improvement
rate is 0.8740 with 7 versus 0.8733 with 7, and the expected strategic improvement error is 0.0628 versus
0.0630.

4. Feasible best responses. An agent moves only if the boundary point of its cheapest coordinate lies within the
largest value of that feature observed in 1r_train (Section 3).

5. Correctness of the implementation. The PyTorch copy of the logistic regression reproduces scikit-learn
probabilities exactly (maximum absolute difference 0). Agents that move land on the decision boundary
(maximum |w 2z —b| = 1.7 x 10716). The autograd gradient of the batch loss, including the path through g,
matches central finite differences (step 107¢) to 9.0 x 10711,

6. Positive agents keep their label. In both training (¢ = y + (1 — ¥)Timp, pipeline/strat_imp.py) and
evaluation (pipeline/evaluation.py, function sample_post_labels), only agents with y = 0 can change
label. It was verified on the saved per-agent records that no agent with y = 1 is assigned a post-response
label of 0.
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Dataset Instances Total Imp. Task
features features
Adult 48,842 15 5 Income > 50K
HELOC 10,459 24 8 Credit risk
Law School 20,798 12 6 Bar exam
ACS Income 1,664,500 10 3 Income > 50K
Synthetic 20,000 8 8 +ve label

Table 4: Datasets used in experiments.

H.2 Comparision with benchmark algorithms

Both strategic baselines were re-implemented from their public code and papers (no third-party code was executed),
so that every method is trained on the same algo_train rows and the same standardized features, and is evaluated
on the same algo_test rows with the same agent model.

Attias et al. (2025). We implement a baseline for improvement aware classifier following the framework of
PAC Learning with Improvements (Attias et al., 2025). The method models strategic agents as individuals who
iteratively improve their feature vectors in order to obtain a positive classification from the deployed model.

Original setup:

e Classifier. A two-layer network d— 64— ReLU — 1—sigmoid, trained with Adam (learning rate 1073) for
100 epochs with batch size 64 and no shuffling.

e Risk-averse loss. A false-positive-weighted binary cross-entropy

L=-15" [wep(1— yi)log(l — §;) +wex yi log i),

with wpp = 2.0, wpn = 1.33 (default) and predictions clamped to [107¢,1 — 1076].
e Decision rule. Positive iff h(x) > 7, with 7 = 0.9 as the risk-averse default.

o Agent model and labels. Agents respond by projected signed-gradient ascent in an /., ball, and labels come
from a decision tree fitted on all data.

Our adaptation (pipeline/baselines_pli.py).

e The architecture, loss, weights, optimizer, epochs, batch size and seed handling are reproduced exactly.

e The agent model and labels are replaced by ours. Agents best-respond to the decision rule hA(xz) > 7 with the
cost-based feasible response of Section 3 (computed numerically, since h is non-linear), and post-response
labels are drawn from Timp.

o Threshold selection (HELOC and Adult only). With 7 = 0.9, the network never predicts a positive and
no agent can reach the threshold: the maximum score on HELOC algo_test is 0.864, and at the best
attainable feature profile it is 0.830. For these two datasets we additionally report the same trained
network with 7 chosen on algo_val from the threshold grid of Attias et al. (2025), {0.5,0.7,0.8,0.9}, by
minimal expected strategic improvement error. This selects 7 = 0.8 on HELOC and 7 = 0.7 on Adult
(experiment_multiseed_table.py, option select_thresholds).

e Other datasets. For Synthetic, Law School and ACSIncome, the paper default 7 = 0.9 is reported. On
Synthetic, validation selection also returns 7 = 0.9.
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SERM (Levanon and Rosenfeld, 2022): We implement another strategic learning baseline that explicitly
accounts for feature manipulation under ¢5 costs.

Original setup:

e Classifier. A linear model f(z) = w'z + b, positive iff f(x) > 0.

e Strategic hinge loss.

- ZmaX{U; 1—yif (z:) — 2willwll2} + Alw]3, yi € {—1,+1},

i.e. users with ¢5 cost and budget 2 who all prefer a positive prediction (r = +1).

o Optimization. Adam with learning rate 0.05 and A € {0.01,0.1,1}.

Our adaptation (pipeline/baselines_gsc.py).

e The loss is reproduced exactly (shift 2||w||2).

e Training. 100 epochs with shuffled mini-batches of size 128 and Adam (learning rate 0.05); the model after
the final epoch is returned.

o Regularization. A € {0.1, 1} is selected per run on algo_val by minimal expected strategic improvement error
(configs/sweeps/<dataset>/multiseed_table.yaml, configs/sweeps/gsc_baseline.yaml). A = 0.1
was selected in every run reported in Table 1 (in the additional Adult seeds 0 and 1 the balanced variant
selected A = 1).

e Class weighting (Law School and Adult only). The hinge term of sample i is multiplied by n/(2n,,), which
averages to one. This is required because the unweighted objective collapses on these two Law school and
Adult datasets.

o A variant whose shift equals the reach of our cost model, fmax; |w;|/a;, was also evaluated. It is stored in
the result files but not reported in the main table.

Linear SVM. sklearn.svm.LinearSVC with hinge loss, C' = 1.0, max_iter= 200,000 and random_state
equal to the run seed. For Law School and Adult, class_weight="balanced" (experiment_svm_baseline.py,
experiment_multiseed_table.py).

H.3 Datasets and Preprocessing

All loaders are implemented in pipeline/data.py (functions load_raw, resolve_feature_types,
prepare_dataset).

Feature typing. Each column is classified automatically as follows:

e non-numeric or binary columns are nominal;

e integer-valued columns are continuous if they have more than 30 unique values and ordinal otherwise
(max_discrete_unique: 30).

Nominal features are removed (drop_types: [nominall), and the logistic regression and all classifiers use only
the selected continuous and ordinal features. For features whose increase lowers the probability of a positive
outcome, we take their negation.
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Cleaning, normalization, label.

o Missing values. Configured missing-value codes are mapped to NaN, and rows with a missing value in any
selected feature are dropped before the split.

e Label. The target is binarized as y = 1[target = positive class].

e Standardization. Features are standardized with the mean and standard deviation of lr_train
(StandardScaler inside the logistic-regression pipeline, pipeline/lr_model.py). The same affine map
u= (x — p)/o is applied to all splits and used by every method (FrozenLR in pipeline/strat_imp.py), so
that costs o; are expressed per standard deviation.

H.4 Training Pipeline and Optimization

Stages. The pipeline consists of five scripts, each driven by -config configs/<dataset>.yaml.

1. stagel_split_and_profile.py: feature typing, cleaning and the fixed 45/45/5/5 split.

2. stage2_train_lr.py: logistic regression on lr_train; coeflicients on the standardized and the original
scale, and metrics on every split.

3. stage3_plot_lr_profiles.py: for each selected feature, the mean 4 one standard deviation of 7 over the
rows sharing each observed value (quantile bins if there are more than 100 unique values), overlaid with the
empirical positive rate.

4. staged_train_strat_imp.py: Algorithm 1 on algo_train with checkpoint selection on algo_val.

5. stageb_improvement_rate.py: improvement statistics on algo_test.

Comparison tables are produced by experiment_multiseed_table.py (Law School, HELOC, Adult, Synthetic)
and by experiment_svm_baseline.py, experiment_pli_paper.py and experiment_gsc_baseline.py (AC-
SIncome).

Implementation of Algorithms 1-3 (pipeline/strat_imp.py, pipeline/strat_imp_clipped.py).

e Frozen estimate. The logistic regression is copied into a PyTorch module whose parameters are registered as
buffers. It therefore receives no updates, but gradients propagate through its input /.

o Algorithm 2 (vectorized).
— The improvement direction is j* = min arg max; w;/ca; (first maximal index).
— Agents with 0 < b — w 'z < S(w) move to 2/ =z + b‘#_j“‘ej*.
J
b—w 'z

wjx

— Feasible mode additionally requires x;« + < &, the largest value of feature j* in 1r_train (in
standardized units).

— The improvement probability is 7imp = clampy 1 (M(zf) — 7(z))/ max{1l — 7(z), d,}).

— The branch condition, the choice of j* and saturated clamps carry no gradient. A safe divisor avoids
NaN gradients when w;» = 0.

e Algorithm 3. The per-sample loss is ¢(1—35)4 +(1—¢)(1+8) 4 with ¢ = y+ (1 —y)Fmp and s = w ' x—b+S(w).
The gradient flows through gq.

o Algorithm 1. Each step updates w < (w —yVy)4 and b < b — vV, (plain SGD, no momentum), with
training batches reshuffled every epoch by a seeded generator.

e Validation loss and checkpointing. The validation loss is the mean of per-batch mean losses over algo_val,
and the (w,b) with the lowest validation loss is returned.
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Class imbalance and the need for class-weighted baselines. Unweighted hinge-type objectives are
minimized by a constant classifier on the two imbalanced datasets.

e Law School (89% positive). The unweighted linear SVM and SERM converge to w = 0 and accept every
agent. On algo_train, the hinge loss of the accept-all classifier (0.2229) is not improved by any rescaling of
the logistic-regression direction, and doubling the training data (18,718 rows) does not change this.

o Adult (24% positive). The unweighted linear SVM and SERM converge to the reject-all classifier.

In both cases no agent moves and the strategic improvement error equals the minority-class share (0.0913 and
0.2390, respectively). Balanced class weights restore non-trivial boundaries, and these variants are reported
(marked T in Table 1).

Variance and repeated runs. Table 1 reports training seed 42 and label-sampling seed 42 for every method.
The following additional analyses quantify variability.

e Label-sampling variance. Stage 5 redraws the post-response labels 1,000 times and reports mean =+
standard deviation, e.g. Synthetic improvement rate 0.873 + 0.022 and Law School 0.645 + 0.053
(outputs/<dataset>/evaluation/improvement_rate_algo_test.json).

o Training-seed  variance. Every = method  was  retrained  with  seeds {42,0,1}
on Law School and Adult (configs/sweeps/law_school/multiseed_table.yaml,
configs/sweeps/adult/multiseed_table_3seeds.yaml). The seed affects initialization, batch or-
der and label sampling. Mean + sample standard deviation (ddof=1) of the strategic improvement
erTor:

— Law School: STRAT-IMP-AWARE 4.39 + 0.34%; Attias et al. (2025) 5.41 + 0.11%; balanced SVM
5.35 £ 0.29%; balanced SERM 27.76 + 2.03%.

— Adult: STRAT-IMP-AWARE 15.89 + 0.24%; balanced SERM 15.52 4 0.14%; Attias et al. (2025) (7 = 0.7)
17.85 £ 0.05%; balanced SVM 63.09 + 0.61%.

o Sample size. On ACSIncome, Algorithm 1 was trained on nested random subsets of algo_train
of size {50,200,1000,3000,6000,88049} with 10 repetitions each (experiment_improvement_error.py,
configs/sweeps/improvement_error.yaml). The expected strategic improvement error on algo_test
decreases monotonically: 0.170 + 0.028, 0.159 + 0.015, 0.106 £ 0.008, 0.083 + 0.007, 0.077 £ 0.005 and
0.064 £ 0.0001.

No cross-validation was used; all model and environment selection relies on algo_val, and algo_test is used
only for reporting.

Reproduction. For a dataset <d>, run in order: stagel_split_and_profile.py, stage2_train_lr.py,
stage3_plot_lr_profiles.py, stage4_train_strat_imp.py and stageb5_improvement_rate.py,
each with -config configs/<d>.yaml. Then run experiment_multiseed_table.py -sweep
configs/sweeps/<d>/multiseed_table.yaml (Law School additionally with -from-runs -seeds 42). Envi-
ronment sweeps are run with experiment_clipped_improvement.py -sweep configs/sweeps/<d>_env.yaml.

I IMPROVEMENT PROBABILITY FORMULATION

Let x ~ D,y | x ~ Bernoulli(n(x)). We model improvement-aware strategic classification, such that the following
condition holds:
Py’ =1]z) =n(a!)

where yf denotes the realized label after moving to point 2/ through strategic manipulation, further:
Py =1|y=12)=1, Py’ =1|y=0.2)=p/(x) €[0,1]
Now, by the law of total probability
P(y/ = 1]z) = P(y/ = 1,y = 1]z) + P(y/ = 1,y = 0[x)
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=Py =1|ly=1L2)P(y=1|2)+Py’ =1y =0,2)P(y=0]x)
=n(z) +p(z) - (1 = n())

From our modelling assumption, it follows that the improvement probability is p/ (z) = % When n(x) =1

the event {y = 1} has conditional probability one and p/(z) is set to 0; since x/ > x coordinate wise under
Assumption 2 and the tie-breaking rule of Section 3, Assumption 1 gives n(zf) > n(z), thus n(zf) = 1, and
the identity n(zf) = n(x) + p/(z)(1 — n(x)) continues to hold. To simulate the improvement probability in
Algorithm 2, we utilize p/(z) as the probability that an unqualified agent (y = 0 | ) successfully flips their
label, provided they strategically manipulated. The post-manipulation 47 is determined by a Bernoulli trial with
parameter p/ (x). Formally:

y!|(y, 2 = 0) ~ Bernoulli(p/ (x))

This ensures that label flipping is intrinsically tied to the strategic transition from z — 2/, maintaining the
probabilistic consistency of the improvement-aware framework.

J ADDITIONAL THEORETICAL RESULTS

Proposition J.1. Consider a scoring function h(x) = Z?Zl () with a € Rio. Let cgep and cgee denote
separable and decomposable cost functions with respect to h and v, respectively. Let the feature transformation
functions 1; are non-decreasing i.e. if x, > x; coordinate-wise then i.e., ;(x}) > ;(x;) for all i € [d]. Then, for
any x,x’ € X, the costs satisfy csep(2,2’) = Cgec(x, ') .

Proof. Let z, 2’ € X. Define the feature-wise deviation &; = ¥(z}) — ¥(z;).

Recall the definition of the decomposable cost:

d
Caec(z, ) Zam/} — (x4 = Zai max(0, §;)

i=1

Similarly, recall the definition of the separable cost, substituting the scoring function structure:

d
Csep(T, ') = max ( Z ap(x Z aﬂl)(%))
=1

= max (O, Z 041-52-)
i=1

We now invoke the monotonicity condition, then i (x}) > ¢(x;) for all ¢ € [d]. This implies ¢; > 0 for all 1.
Under this condition, we can clearly conclude that:

Caec(z, 7)) E ;0 = Csepl(x,2’)

O

Observation J.2. Suppose that, for every x € Xy and z € A, every point lying coordinate-wise between x and
z belongs to A. Let fi,, € F be a linear classifier with w € R‘io and b € R. Suppose a strategic best response

exists for every x € Xy. Then, for every x € Xy, there exists a strategic best response x! satisfying x{ > x; for all

i€ [d].
Proof. For brevity, let f = f,5. Fix x € Xy, let z € A be any strategic best response to f. Define Z € R? by

Z; = max{w;, z; }, i€ d

z € A: For each i, Z; € {x;,2;}, so Z; lies between z; and z;. Hence Z lies coordinate-wise between x and z, and
by the assumption on A, Z € A.
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Z has the same cost as z: If z; > x;, then Z; = z;, s0 (£; — x;)+ = (2; — ;) 4. If 2; < a;, then Z; = z;, and both
(Z; — )+ and (z; — ;)4 equal to 0. Thus (Z; — x;)4+ = (2; — x;)4 for every i € [d], and therefore

d d
c(x, 2) = Zai(éi —x)4 = Zai(zi —z)+ =c(x, %) (18)
i=1 i=1

[S3

is classified as least as favorably as z: Since Z > z coordinate-wise and w > 0,

w'2>w'z, Thence f(2) > f(z) (19)

IS 3

is a best response: Using 8 > 0 together with (18) and (19),

up(@,2) = BF(Z) — e(2,2) = BF() — el 2) = ug(a, 2).

Since z maximizes us(z,-) over A and Z € A, the point Z is also a maximizer, i.e., a strategic best response.
Finally, %; = max{x;, 2;} > x; for all i € [d] by construction. Taking x/ = Z proves the claim. O
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